GENERATING FUNCTIONS FOR SUMS OF POLYNOMIAL
MULTIPLE ZETA VALUES

MINORU HIROSE, HIDEKI MURAHARA, AND SHINGO SAITO

ABSTRACT. The sum formulas for multiple zeta(-star) values and symmetric
multiple zeta(-star) values bear a striking resemblance. We explain the resem-
blance in a rather straightforward manner using an identity that involves the
Schur multiple zeta values. We also obtain the sum formula for polynomial
multiple zeta(-star) values in terms of generating functions, simultaneously
generalizing the sum formulas for multiple zeta(-star) values and symmetric
multiple zeta(-star) values.
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1. INTRODUCTION

1.1. Multiple zeta(-star) values and their sum formula. An indez is a finite
sequence of positive integers, including the empty sequence 0. If k = (k1,..., k) is
an index, then we define its weight by |k| = k1+- - -+ k, and its depth by depk = r.
We say that an index is admissible if either it is empty or its last component is
greater than 1.

If k = (k1,..., k) is an admissible index, then we define the multiple zeta value
and multiple zeta-star value by

(k)= > % Clk)= Y %

1<my<-<m, 1 mr 1<my<--<m, M1 mr

respectively, where we understand that ¢()) = ¢*(#) = 1. The multiple zeta(-star)
values are known to satisfy a large number of relations, of which one of the most
well-known is the sum formula. The sum formula asserts that the multiple zeta(-
star) values of fixed weight and depth add up to an integer multiple of the Riemann
zeta value:

Theorem 1.1 (sum formula for multiple zeta(-star) values; Granville [3], Zagier).
If r is a nonnegative integer and w is an integer with w > r + 2, then

Z C(k1,- o kpya) = C(w), Z C(k1y. oo kpya) = (w;1>g(w)
ki+-+krt+a=w k1+~~+kr+a1=w

1yeeskr > 1yeeskr 2>

a>2 a>2

1.2. Regularization for multiple zeta(-star) values. Let Z denote the Q-
linear space spanned by the multiple zeta values. As illustrated by

= Y o3 3 )

1<mi<mgy 1<mi<msg 1<mi=mg2
= ((k1, ko) + C(ky + k2),
the multiple zeta-star values are sums of multiple zeta values and therefore belong
to Z. Moreover, as illustrated by

o0 o0

<<k><u>=<27§k><2 ) ( 2t 2+ ) >m1m

m=1 m=1 1<mi<msg 1<mao<m 1<mi=may
= ((k, 1) + ¢, k) + ¢(k + 1),

the space Z is closed under multiplication, thereby being a Q-algebra. Ihara,
Kaneko, and Zagier [6] employed a method, called regularization, for defining the
multiple zeta(-star) values for non-admissible indices as elements of the polyno-
mial algebra Z[T], by assuming that those relations illustrated above hold even for
non-admissible indices and setting ((1) = T. For example, by

we infer that ¢(2,1) = ¢(2)T —¢(1,2) —¢(3) and ¢*(2,1) = ¢(2)T —¢(1,2) in Z[T].

Remark 1.2. The reader familiar with regularization is reminded that this paper
deals only with harmonic regularization, as opposed to shuffle regularization.
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1.3. Symmetric multiple zeta(-star) values and their sum formula. If k =
(k1,...,kr) is an index, then we define

Cs(k) =D (—1)Feer Ty, ki) - Kign),
1=0
Cg'(k) = Z(il)ki+l+...+krg*(klv ) ki)c*(kTa ey ki-l—l)'

i=0

Although (g(k) and (%(k) a priori belong to Z[T, it turns out that they have con-
stant terms only and so belong to Z. Kaneko and Zagier [7] defined the symmetric
multiple zeta(-star) values as (s(k),(5(k) mod {(2) in Z/¢{(2)Z, and the second
author [8] established the sum formula for symmetric multiple zeta(-star) values:

Theorem 1.3 (sum formula for symmetric multiple zeta(-star) values; Mura-~
hara [8]). Ifr and s are nonnegative integers and w is an integer with w > r+s+2,

then
3 Colkry o kmaly,. . 1) = (—(—1)T<w N 1) + (—1)5(“’ . 1)><(w),

ke hptatl o =w
kiyeoskryly,.nls>1
a>2

> Gkt = (Cor(Y ) s cor(Y)) Jow

k- Akt atl ol =w
k1yeokela,e,ls>1
a>2

modulo ((2)Z.

Remark 1.4. Note that our convention on the order of arguments is opposite to
that of [8].

Although Theorems 1.1 and 1.3 bear a striking resemblance, no good reason has
been offered thus far. We shall give an identity (Proposition 4.10) that together
with a generalization of Theorem 1.1 implies Theorem 1.3, and so we have probably
succeeded in explaining the resemblance to some extent.

1.4. Restatement of the sum formulas in terms of generating functions.
We restate Theorems 1.1 and 1.3 in terms of generating functions. Define

(W) =3 (Wt e Z([w]).
k=2
Remark 1.5. Our 1 (W) is reminiscent of the digamma function, which satisfies

oo

Wz +1) ==y =D k) (="t

k=2

Then Theorems 1.1 and 1.3 can be rephrased as follows (proofs will be given in
Subsection 1.8):
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Proposition 1.6. We have
w
Dk, ) ATPEWIETE = = (1 (W) — 1 (AW)),
s

Zc a) AYP YIRS — Y7 (4 (1 + A)W) — 91 (AW))

U.Z2
in Z[A][W]].
Proposition 1.7. We have
Z CS(k7 a, l)Adep k:BdeplW|k:|+a+|l\

k,l
a>2

= TSR — AW) — (B = W)+ T2 (1= BIW) = (A= B)W))
ZCé*w(k:,a,l)AdePdeeplWIliraHu
k.l

a>2

= (1 ) = (A = BIW) = T (14 BIW) = 6 (B — A)W)
modulo ((2)Z in Z[A, B][[W]].

1.5. Polynomial multiple zeta(-star) values. If k = (kq,...,k,) is an index,

then the authors ([4]) defined the polynomial multiple zeta(-star) value by

Co (K Zcm,...,- (s Ry )k bbb ¢ Z[T][z,y),

c g (kvyoo o k) C (kyy . gy )P T TRigRitFhe o Z[T [z ).
x,y

Notice that the polynomlal multiple zeta(-star) values are a common generalization
of ¢ (k) and ¢\ (k):

GLo(k) =C(k), Golk)=¢"(k), CG-1(k)=C(s(k), (7 _1(k)=C5(k).

1.6. Main theorem. Our main theorem computes the generating functions in
Proposition 1.7 with (g replaced by (. To state the theorem, we need to define

D4 (W) = exp <Z “,f)w> e Z[T][W]).

k=1

Remark 1.8. Our T'y (W) is reminiscent of the gamma function, which satisfies

I'(z+1) = exp (*yz + Z C(:)(z)k> .

k=2
Note also that exp(—TW)I'1 (W) € Z[[W]], and that

A(W) = exp(TW)I'1(— = exp( )
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played an essential role in the regularization theorem due to Ihara, Kaneko, and
Zagier [6].

Theorem 1.9 (Main theorem; Theorem 4.12). We have

> Coy(k,a, 1) Aderk pleptyylkitatil

k.l

W Dy (W)L (W)
W Ty (eW)Ty (yW)

Z C; y(k7 a, l)Adep k:BdeplW|k:|+a+|l\

k.l

= 2 nlol1+ B) a8 — Ay I L)
oW Ty (z(1+ BYW)T: (y(1 + B)W)

+ 1L+ W) = (ol — By P

in Z[T[z,y][A, B][W]].
1.7. Corollaries of our main theorem.

Corollary 1.10. If r and s are nonnegative integers and w is an integer with
w>1r+ s+ 2, then

Yo Gulkad), Y Gkl € QITCQ). - C(w)][zy)-

|kl +a+|t|=w |k|+a+|t|=w
dep k=r,dep l=s dep k=r,dep l=s
a>2 a>2

Proof. The corollary follows from Theorem 1.9 and the observation that the co-
efficients of 1,W,...,W¥~! in +;(W) and those of 1,W,...,W* in I';(W) and
Ty (W)~ belong to Q[T ¢(2), ..., ((w)][z, . 0

Ezxample 1.11. Consider the case w = 4. Then

> > Gk a,)ATB,

r+s<2 |k|+a+]|l|=4
7,520 dep k=r,depl=s
a>2
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being the coefficient of W* in

Z Coy (K, a, 1) AdePE gdeplyyikl+atil

k,l
a>2

= LM/B(¢1(Q(1 — A)W) — 1 (y(B — A)W)) Ly (W) (yW)

r
Iy (z(1 - ) )T

y(1 = A)W)
W (1 = BYW) — (oA — L
7@ = BW) = (el = BW)) s om = BT, (o1 = 5w
C(k)

- %B (Z C(k)((l - A)k71 - (B - A)kl)ykW’“> eXp( (k;k (I +y )(1 _ (1 _ A)k)Wk>
k=2

k=1
+1—114<§:C(’C>((1—B)’“‘l—(A—BV“ ) ka) eﬂ)(icf =" +y") 1—(1_B)k>Wk>,
k=2 1

is equal to
C(4)(3A% —=3AB+ B? —3A+ B+ 1)y* + C3)T(—2A+ B+ 1)y*(z + y)A

e (SR A - A 4 T+ )

+C(4)(A* —=3AB +3B* + A—-3B + 1)z* + ((3)T(A - 2B + 1)2*(x + y)B
e (P )08 - B+ (T ).
We therefore have

Yoo Gulkal) =)@ +yY),
|k|-+at|t]=4
dep k=0,dep =0
a>2

S Gulkial) = CH) - 3yY) + (BT (@ + ) + (222 + ),
|| +a-+]1|=4
dep k:alz,d2epl:0

Yo Gykal) = A)(=32* +¢*) + (B) T (@ +y) + ¢(2)*2° (2" + ),
|k|+a+]|l|=4
dep kzaozgeplzl

2
> Gulkal) =)t +3) ~ XTG4 y) — e g2+ Py,
T,

S Gulkal) = =3¢t 4t + BT+ ) +3°),
|| +a+|l|=4
dep k=1,depl=1
a>2

2
Y Gulkad) =)+ - BT+ y) - 2 1)+ B2
L,
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In a similar manner, we have

Z C;,y(k7aﬂl) = 4(4)(554 +y4)7
kol +at |t =4
dep k=0,dep 1=0
a>2

> Gk, a,l) = C(4) (32" — y*) + CB) Ty (x + y) + C(2)%° (2% + o),
|k|+a+|l|=4
dep k:alz,d;p =0

> G y(kya,l) = C(4)(—2* +3y*) + ()T (z + y) + ((2)°2°(2” + ¢?),
|k|+a+|t|=4
dep k=aozgepl=1

Yo Gukal) =G +yh) - BTy +y) +
|ke| +a-+||=4
dep k=2,dep 1=0
a>2

Yo Gylkal) = =3¢ @ +yh) + 2B)T (@ +y)(a® +y°),
|k|+a+|l|=4

dep k=1,depl=1
a>2

¢(2)

2

@7 -

5 Y (2® +y%) + 22Ty (x + y)?,

2
Y Gykal) = )6t 3 — (TR ) + D0 4y + D2 gy
g,

Corollary 1.12. We have

dep k pdep L/ |kl +atll] W _ _ B (W)
;qmm PRI = T (0 (L= BIW) — i (A = B)W)) e vy
a>2

x dep k pdep Lyp/|k|+atll] W _ B (1 + B)W)
az)2
in Z[T][A, BJ[[W]].
Proof. Set x =1 and y = 0 in Theorem 1.9, and observe that I'; (0) = 1. O

Remark 1.13. Corollary 1.12 is a generalization of Proposition 1.6 (or equivalently
of Theorem 1.1); indeed, setting B = 0 in Corollary 1.12 gives Proposition 1.6.

Corollary 1.14. If r and s are nonnegative integers and w is an integer with
w>1r+s+2, then

Yoo Ckal), > (C(kal) €QT((2),. .., C(w)).

|k|+at+|l|=w k| +a+(l|=w
dep k=r,depl=s dep k=r,dep l=s
a>2 a>2

Proof. Immediate from Corollary 1.10 (or Corollary 1.12). O
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Example 1.15. Setting x = 1 and y = 0 in Example 1.11 gives

> ((kial) = (),
|| +a+|t|=4
dep k=0,dep 1=0
a>2

Z C(k,&,l) = C(4)7

|k|+a+]|l|=4
dep k=1,dep l=0
a>2

> (ke ) = =3¢(4) + (3T +¢(2)°,

|k|+a+]|l|=4
dep k=0,dep l=1
a>2

o Ckal) =((4),

lke|+a+|t|=4
dep k=2,dep =0
a>2

Yo Clkal) = =3C(4) + (3T,

|k|+a+]|l|=4
dep k=1,depl=1
a>2

Yo llkal) =3¢(4) - 2(3)T -
|k|+a+]|l|=4
dep k=0,dep =2
a>2

and

Z C*(kan) = <(4)7

|k|+a+]|l|=4
dep k=0,dep 1=0
a>2

> Ckial) =3¢4),
|k|+a+|l|=4
dep k=1,dep =0
a>2

S Clkal) = —C(A) + (BT + (22

|kl +a-+[1|=4
dep k=0,dep l=1
a>2

> (kial) =3¢(4),
k| +a+|l|=4
dep k=2,dep 1=0
a>2

> (kial) = =3¢(4) +20(3)T,
|k|+a+|l|=4
dep k=1,depl=1
a>2

Z C*(k7a7l):C(4)—C(3)T+@+@T2
|k|+a+|l|=4 2 2
dep k=aOZ,(%ep 1=2
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Corollary 1.16. We have

Z Cs(k, a,l)Aderk gdeplyylkltatil

a>2

aW  sinw(l — A)W

w
= — = (i (=(1 = W) — (A= B)W))

sinaW  w(l— AW
w aW  sinw(l — B)W

+ =5 (1= B)W) — e (A= B)W))

C§<k’ a,l)AdepdeeplW\k\Jraer

k,l
a>2

sintW  w(1—-BW

sinTW  w(1+ AW

w
= 12U+ B)W) = (A= B)W))

sintW  w(1+ B)W

aW  sinw(l+ AW

(L A = (A= BY))

in Z[A, B][[W]].

Proof. Set x = 1 and y = —1 in Theorem 1.9, and use the identity I'y (W)’ (—W)

7W/sinmW, whose proof will be given as Lemma 1.19 in Subsection 1.8.

aW  sinw(l+ B)W

O

Corollary 1.17. If r and s are nonnegative integers and w is an integer with

w>r+ s+ 2, then

Z CS(kaavl)v Z Cg'(kvavl) € Q[C(2)vv<(w)]

|k|+a+(l|=w |k|+at+|l]=w
dep k=r,depl=s dep k=r,depl=s
a>2 a>2

Proof. Immediate from Corollary 1.16.
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Example 1.18. Setting z =1 and y = —1 in Example 1.11 gives

Z CS’(kvaJ) = 2C(4)a

|k|+a+]|l|=4
dep k=0,dep l=0
a>2

D Cslk,al) = =2¢(4) +2((2),

|k|+a+]|l|=4
dep k=1,depl=0
a>2

Yo Cslkia,l) = —2¢(4) +2¢(2)%,

|k|+a+|l|=4
dep k=0,dep l=1
a>2

Z CS(kvaa l) = 4C(4) - C(2)2a

|k|+a+|l]=4
dep k=2,dep =0
a>2

> (s(kial) = —6¢(4),

|k|+a+]|l|=4
dep k=1,depl=1
a>2

S Cslkia,l) = 4¢(4) - (2

|k|+a+|t|=4
dep k=0,dep l=2
a>2

and

> Cilka,l) =2¢(4),

|k|+a+|l|=4
dep k=0,dep =0
a>2

Yo Glkoal) =20(4) +20(2)°

|k|+a+]|l|=4
dep k=1,dep l=0
a>2

Yo CEkia,l) =20(4) +2¢(2)%,

|k|+a+]|l|=4
dep k=0,dep l=1
a>2

Z Cg‘(kvavl) = 4<(4) +<(2)27

|k|+a+|l|=4
dep k=2,dep =0
a>2

Yoo Glkoal) = —6¢(4),
|Fe|+a+|t|=4

dep k=1,depl=1

a>2

> CGilka,l) = 4¢(4) +¢(2)
|ke|+a+|t|=4

dep k=0,dep =2
a>2

1.8. Proofs of propositions and an identity stated in this section.
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Proof of Proposition 1.6. Theorem 1.1 shows that

D C(kya)AdPEWIFEe = NN (R, a) AW = > C(w) AT
k

r>0 |k|+a=w r>0
a2 w>r+2 dep k=r w>r+2
a>2
oo w—2 e} 1— Aw,1
= Z Z A"C(w)W" = Z ﬁC(w)W
w=2 r=0 w=2
W
= m(%(W) — Y1 (AW))
and
ZC*(k,a)AdepkW|k|+a _ Z Z C*(k,a)ATWw
k r>0 |k|+a=w
az2 w>r+2 dep k=r
a>2
w—1
= > ( )C(w)A’“W“’
r>0 "
w>r+2
co w—2 w—1
= ( )AT((w)W“’
w=2 r=0 r
— Z((1+A)U)—1 —Aw_l)C(U))Ww
w=2
— Wi ((1+ A)W) = gy (AW)),
as required. ([

Proof of Proposition 1.7. Theorem 1.3 shows that

D Cslk,a, 1) Adrkpleptyylkitatil]
k,l
a>2

= > > Cs(k,a, ) A" BSWY

r,5>0 |k|+a+]|l|=w
w>r+5+2 dep k=r,dep l=s

D (Coab N G TS o ol G KUY ETE
o I e 3 O
= < (=4 =B AP Q= B) (A= B ) e

wZQW

=151 = W) =1 (B - AHW)) +

B T (1= B)W) = (A= B)W))
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and

Z Cg(k7 a, l)AdeP k:BdeplW|k|+a+|l\
k.l
a>2

= Y > ke, HATBTW

r,s>0 |k|+a+]|l|=w
w>r+5+2 dep k=r,dep l=s

a>2
w—1 w—1
= (=1)° = (=1 C(w)A" B W™
TSZZO ( ( r ) ( s )>
w>r+s+2
(03 S (R PEEIED Sib sl (o [BES RIS
w=2 \r=0 s=0 s=0 r=0
B oo fw—2 w—1 rl (_B)w r—1 _’LU—2 w—1 1_(_A)w—9—1 . "
_;(T_O ) T+ 5 ZO( N )c(ww
[+ A —(A-Bt 1+ Bl —(B-A)v? "
_wz_:z< 1+ B B 1+ 4 )g(w)w
W
= UL+ AW) = s (A= BYW)) = 755 (a((1+ B)W) = (B~ HW)),
as required. (I
Lemma 1.19. We have
LW (=W) = SlZZ/W

Proof. Since

log(F1(W)F1(—W)) — i <(k) (Wk + (_W)Ic) _ i C( )ng

k=1 k k=1 k
and
—1 [e’e] [e'e] o0
w2 W2k ¢(2k)
=1 1—— = — 1 1——— | = _ SVEN) yyr2k
SlIl W o 7}_[1( ) 'mZZI Og< m2 ) k.m=1 km2k I; k 7
the lemma follows. O

2. HOPF ALGEBRA FORMED BY THE INDICES

We first recall Hoffman’s result ([5]) that the indices form a Hopf algebra. We
associate to each index k = (ki,...,k.) a formal symbol [k] = [ki,...,k,], and
write Z for the Q-linear space of all formal Q-linear combinations of the symbols
[k] (introducing such formal symbols facilitates distinction, for example, between
2(k+1)€eZand 2[k+1] € 1).

For ease of notation, if k = (ki,...,k,) is an index, then we write k; =
(ki,...,k;) and k' = (kit1,...,kr) for @ = 0,...,r, where we understand that
ko =k" =0, and we write % = (kpyo oy k).
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We now define the linear maps that make Z a Hopf algebra. The multiplication
Z®Z — I, often written as a bilinear product * on Z (known as the harmonic
product or the stuffle product), is defined inductively by setting

(1) [k] = [0] = [0] = [k] = [k] whenever k is an index, and

(2) [k, k] *[1,1] = [[k, k] = [1],1] + [[k] = [L, 1], kK] + [[k] = [1], k + {] whenever k and 1
are indices and k and [ are positive integers, where on the right-hand side
we understand that [-,1], [-, k], and [, k 4+ [] denote the Q-linear operators
of concatenating the specified integers.

The unit Q — Z is given by 1 + [(}]. The comultiplication Z — Z ® Z is defined by
[K] = > k] @ [K]
i=0
for indices k of depth r. The counit Z — Q is given by
1 if k=
] { k=0
0 otherwise
for indices k. The antipode S: Z — 7 is given by
S(lk) = (1) k)",

for indices k of depth r. Here if I = (I4,...,l5) is an index, then [I]* denotes the
sum of all [[; O--- O] with each square replaced by a plus sign or a comma.

Theorem 2.1 (Hoffman [5]). The maps given above make I a commutative Hopf
algebra.
In particular we have the following:

e The comultiplication Z — Z ® 7 is an algebra homomorphism.

e The antipode S: Z — 7 is an involution and algebra homomorphism. In
this paper we find it more convenient to use the Q-linear map S:T 1T
defined by S([k]) = (—1)"[k]* for indices k of depth r; it follows that S is
also an involution and algebra homomorphism.

e If k is an index of depth r, then

Z(*l)ui[ki] " [}Q]* _ {[@] if k= 0;

= 0  otherwise.

3. GENERATING FUNCTIONS FOR SYMMETRIC SUMS

3.1. Generating functions of [k] and [k]*. In this subsection, we compute the
generating functions

Z[kﬁ}AdekW‘k‘, Z[k]*AdcpkW\k\
k k
in Z[A][[W]]. To state the results, it is convenient to define the formal power series

Pyz(W) = exp (Z @W) & 7([W])

Observe that
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Proposition 3.1. We have

Iy z(W) Liz((L+AW)

depkyrrlk| * Adep kyr/lk|
2IATTW = o iy A = T

Proof. The first identity implies the second because

St 5 S ) (T )

% 3
~ Diz(+AW)
B Lyz(w) -

The first identity is equivalent to
> [¥] .
1 depkyy/lkl | — [ 1— 1_Ak Wk
og (%j[k]A Wi ) =3 - - ahw,

and since both sides have constant term 0 (with respect to W), it suffices to prove
that both sides have the same derivative (with respect to W):

Dpolkl[k]AdP WKL &2

S R AP RIE ;Uﬂ(l — (- HFwEL

which in turn is equivalent to
(Z[k]Adcpka> (Z[k;](l —(1- A)’“)W’“) = _|k[[k]A%PFW I
k k=1 k#0

For each nonempty index I = (Iy,...,1), the coefficient of [[JW " in the left-hand
side is

S s l;—1
DATIHA -1 =AM+ ) A (1 (1-A)),
Jj=1 j=1 i=1
which simplifies to A* ijl l; = 1| Adert, 0

Remark 3.2. Substituting A =1 and A = —1 into the equations in Proposition 3.1
respectively gives

I z(W) = Z[k]Wlkl = Z[{l}k]*Wka
k k=0
Piz(W)™h =Y (DR W =3 () {1 W,
k k=0
where {1}* denotes the index (1,...,1), which means §) if & = 0.
——

k
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3.2. Generating functions for symmetric sums of [k]., and [k]; . If k is
an index, then we define

Koy = 3l = () y ¥ € ),
K]}, = Z[ki]* * [E]*mlkilylkil € Zlx,y),

where r = dep k. Note that if k is an index of depth r, then
_ L . = ;
S([Kley) =D S([ki]) * Skl 1y ¥
i=0

" ~

= D (DR (<) Ry
=0
= (~1)"[K];,,.

Lemma 3.3. The Q-linear map from I to I[x,y] given by [k] — [k, for indices
k is an algebra homomorphism.

Proof. The map in question is the composite
T—-IQ7T
= I[z] @Iy =TI QoI Qy =I3Ix Qz,y]
= ZI®Q[z,y] = Iz,y],

where the arrows denote the comultiplication, the map [k] @ [I] — [k]z*| @ [<l_}y|”
and the multiplication. (I
Proposition 3.4. We have
S [k AP I Iy z(aW)ly z(yW) 7
- v I'z(z(l—AW) z(y(1 — AW)
k wy Iy z(aW)I'y z(yW)
in Iz, y][A][[W]].

Proof. The first identity implies the second because

2_[Klz AWt = 5 <Z[k]m,y(—A)depkW'k|>

k k
_ 5< 'y z(aW)T'1 z(yW) )
Lyz(z(l+ AWl z(y(1+ A)W)
 Dyz(e(T 4+ AWy z(y(1 + A)W)
B Ly z(zW)l z(yW) '
Since the algebra homomorphism [k] — [k],,, satisfies

Iy z(W) +— exp (i [k]“’Wk> = exp <§: WW’“) =T z(zW)T'1 z(yW),

k k
k=1 k=1
the first identity follows from Proposition 3.1. (]
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3.3. Generating functions of () (k), g(g*g(k), and C(*)( k). We define Q-linear
maps Z: T — Z[T), Zg: T — Z,and Z, ,: T — Z[T)[x, y] by setting Z([k]) = ((k),
() = Gs(8) = Z(K111), ond Zo (D) = Coyl) = Z([Kly). Then hey ave
all algebra homomorphisms, and satlsfy Z([k]*) = ¢*(k), Zs([k]*) = C&(k), and

Zoy([K]%) = G, (K)-
We have Z(T1 z(W)) =T1(W), and Remark 3.2 shows that

(Z Wy ):Zak)vv’“:zjc*({l}’ww’f
k= k k=0

Ly(w)™ = exp< fjgkw’“> =D ()P (W = fj(ﬂ)’%({l}’“)vvk

k k=0

Proposition 3.5. We have

depleyirkl . L1i(W) " deplyirkl _ L1((1+AW)
D R ASPEWIN = gc R AW = =5 )
in Z[T][A][[W]].
Proof. Immediate from Proposition 3.1. (]

Proposition 3.6. We have

) L4 (W)L (1)
Zcz o (k) Ader Ikl — Ty (2(1 = AW (y(1 — A)W)’
) o D+ AW (y(1 + AW)
DGy tRAT W = Iy (V) L1 (yV)
in Z[T][z, y][A][W]].
Proof. Immediate from Proposition 3.4. =

Corollary 3.7. If r is a nonnegative integer and w is an integer with w > r, then

D Gaylk), D> Gy(k) €QIT,C2). ... C(w)][z,y).

|k|=w |k|=w
dep k=r dep k=r
Proof. Immediate from Proposition 3.6. O

FEzxzample 3.8. Consider the case w = 4. Then

4
YD GeulR)AT,

r=0 |k|=4
dep k=r

being the coefficient of W* in

D Gy (R) A PRI =
k
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is equal to

#(# + ) (44 — 647 + 443 — AY)

+ ;<2 T(z+y)A- @( 34+ 9%)(3A—34% 4+ A% + (C(;)(aﬂ +y2)(24 — A2)> )
4 % 3 (T(a +y)A)? - (C(;) (0 +4?) (24 — A2)>

+ o (T +y)AY.

We therefore have

Z Ca:,u(k) =0,

(k| =4
dep k=0

3 Golk) = ()" + 4,

|Fe|=4
dep k=1

> Gk = S ) + TG+ et )+ g2
|k|—4
dep k=2

3 Goulb) = € +5) — COT+ ) +3%) — L a2 4 422 4 L
k| =4
dep k=3

> Gtk = =ty - ey 4 )+ 202 1y
=
dep k=4

~ By ) g T )t

z+y)* (2 +97),
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In a similar manner, we have

S G,k =0,

|k|=4
dep k=0
> Gy k) =)t +yY),

|ke|=4
dep k=1

> Gk ()(:v +yH) +CB)T(z +y)(@® +°) +
|ke|=4
dep k=2

Y Gk =A@ +y") + BT (@ +y)(@° +¢°) +
|k|=4
dep k=3

|k|=4
dep k=4

P
€22
2

@TZ

5 @+ y)* (@ +y7),

($2 + y2)2 +

+ 2020 2 47 + LT )

Proposition 3.9. We have

oW  sinw(l— AW
simaW  w(1-—AW
sin7W  w(l+ AW

aW  sinw(l+ AW

5 Gall) Ak

ZC* AdcpkW\k\

in Z[AJ[[W]].

Proof. Set x =1 and y = —1 in Proposition 3.6 and use Lemma 1.19. d

Corollary 3.10. Ifr is a nonnegative integer and w is an integer with w > r, then

0 if w is odd,
> Cslk), > Gk {EQW iw s o

i w 1S even.
|k|=w k| =w /
dep k=r dep k=r

Proof. Since

sintW  «W

21772
W sinmtW € Q=W

the corollary is immediate from Proposition 3.9. (]
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Example 3.11. Setting z = 1 and y = —1 in Example 3.8 gives

> (s(k) =0,

|ke|=4
dep k=0

D CGslk)=20(4) = =
abpiet

> Cslk) =—3¢(4) +2¢(2)° = T
|k|=4
dep k=2

D> Cslk) =2¢(4) — 2¢(2)
ity

_ @ g2
;4 Cs(k)——T‘f' 5~ 120

dep k=4

and

> CE(k) =0,

|k|=4
dep k=0

> Gk =2 =
|k|=4
dep k=1

> CE(k) =3¢(4) +2¢(2)

|k|=4
dep k=2

D GElk) =20(4) +2¢(2)
atp s

. C4)  ¢(2? 7t

C5(k) ==+ = oo

“24 o 2 2 360
dep k=4

2 _ dmt
45"

2 _ Tt
90’

Remark 3.12. Using the explicit expansion

sintlW <= (=)™ L, -, W = (=1)™(2 =22 Bayy 9 o
— mW m, . — mW m,
W Z (2m + 1)!7T sinTW Z (2m)! T

m=0 m=0
where Bs,, are the Bernoulli numbers, we may explicitly write the sums in Corol-
lary 3.10 in terms of the Bernoulli numbers, though such explicit formulas are not

as nice as the formal power series formulas given in Proposition 3.9.

4. SCHUR MULTIPLE ZETA VALUES OF ANTI-HOOK TYPE

4.1. Schur multiple zeta values of anti-hook type. When investigating the
relationship between the sum formulas for multiple zeta(-star) values and symmetric
multiple zeta(-star) values, we find it necessary to use the Schur multiple zeta



20 MINORU HIROSE, HIDEKI MURAHARA, AND SHINGO SAITO

values (defined by Nakasuji, Phuksuwan, and Yamasaki [9]) of anti-hook type. If
(k1,..., k) and (I1,...,ls) are indices and a is a positive integer with a > 2, then
the Schur multiple zeta value of anti-hook type is defined as

k
: 1
C | =
k, Z mllﬂl . mfrnlll . néspa7
‘11 | l.]a
where the sum runs over all positive integers mi,...,m,,n1,...,ng, p satisfying
. ki,...,k
mp <---<mp<pandnj <--- <ng <p. Tosave space, we write ll’ ’lr ja
1, ceeylbg

for what lies between the parentheses in the left-hand side. The Schur multiple zeta
values of anti-hook type are a common generalization of the multiple zeta and zeta-

star values:
() =<k ¢ §ia)=cta

if k and [ are indices and a > 2. An advantage of using the Schur multiple zeta
values of anti-hook type is that they allow us to succinctly express the harmonic
product of the multiple zeta value and the multiple zeta-star value:

Clh1, s k)G (s L) = ( > M)( > lllnl>

1<mi<---<m, 1 My 1<n1<---<ng Ny

(LE ¢ T )t

1<my<<m,  1<mi<o.<m,/) M1 e Ny s
1<n < <ng 1<n ;< <ng
My>ng my.<ns
ki ke I
_C< RN L S W A AL
if (k1,...,k-) and (I1,...,ls) are nonempty admissible indices (see [2, Lemma 2.2]

for the general formula of the harmonic product of two Schur multiple zeta values).
Observe that the Schur multiple zeta value can always be written as a Q-linear
combination of multiple zeta values; for example we have

¢(§i0) = Ct0) + € k) + S+ 10) + Glh T+ )

4.2. Elements of Z corresponding to Schur multiple zeta values of anti-
hook type. The observations made in the previous subsection lead us to the fol-

ki,... ky ;a} c T

lowing formal definition of { ! I
Lye-ostbs

Definition 4.1. We define

{ T ’“] €I

for each pair of indices (ki,...,k,) and (I1,...,l5) and each positive integer a so
that the following properties are fulfilled:
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(1) |:k17.-®.7k’r ;a:|:[k17...,kr7a]and|:l (Z) l ;a:|:[ll""7lS7a}*When_
1y---5ls

ever (ki,...,k,) and (I1,...,l) are indices and «a is a positive integer;
(2) kl,...,kr—l ;kr + kla...,kr ;ls :[kl,...,kr}*[ll,--~7ls]*When—
T by des
ever (ki,...,k.) and (I1,...,ls) are nonempty indices.

Observe that the definition above does indeed uniquely determine { I?’ Y ;Cr ; a} €
Lye-osbs

T as the following example illustrates. The required properties imply that

ki, ko, k
|: 1 @2 3 ,]{?4:| = [klak27k37k4]’
[ klv%,% ;k4] + [ klk’fz ;kS} = (k1 k2, K] [Ra]",
ki, k k *
{ 1k‘4 : ;kB} " { k?471k‘3 ;kz] = el Rl

k 0 .
[ k471k3 ;kQ} " { k4, k3, ko ;kl] = a]  [Fa, Ks, Kol

@ *
|: k4,]€3,k2 ’k1:| = [k4,k37k2,]€1] .

Although the requirements are superfluous (there are 4 unknowns and 5 equations
in the example above), the third remark after Theorem 2.1 shows that they are
compatible.

Proposition 4.2. If (ki,...,k.) and (I1,...,ls) are indices and a is a positive
integer, then we have

& kla"'akr . _ (_1\r+s+1 ll7-"als .
5([ ) "‘D_( 2 Fao ke )

Proof. Since S is an involution, the proposition is equivalent to showing that
ki,...,k, = li,...,1
’ ) ca| = -1 7"+s+151 ’ s Us ‘a .
{ liy .oy ls } (1) ki,... k.

The map ((k1,..., k), (l1,...,15),a) — (—1)”5*15‘({ ]{l:l""’i;s ;a}) satisfies
Lok

the properties in Definition 4.1 because

(_1)”15([ ,ﬁ@k ;aD = (=18 (kr, ..., krya]*) = [k, ..., kv, ),

(-1)3“5({ 11,.(.2).,13 ;aD (1) Sl deva)) = [l Ly a]*
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and
- Iy, ol e Iy, ooyl
_1\r+s 1 s s . _1\r+s 1 sls—1
(=1) S([kl,...,kr_l ’kTDH 2 S([ ki ks ZD
= ly,...,1 I, oyl
_ (_1\r+s 1 s Us . 1, yls—1 |
== S( R k]*{ ki ..k ZD
= (=1 S([l1y - 1] % [k1y o k)
= (=1)"S([ly, ..., L)) * S([k1, ..., k)
:[117...,l5]**[kh...,k’r},
from which the proposition follows. O

Lemma 4.3. If k and 1 are indices and a is a positive integer, then we have
° . o k
S at] = [0 = | § .
j=0

where s = depl.

Proof. If we write I = (ly,...,ls), then Definition 4.1 implies that

k, a, lj
Zﬁ il

for j =0,...,s, where in the right-hand side we understand that the first term is

<l7 k7a7llj—1

[kvavlj]*[ ]*:[ <l7 ;lj +

k
[ <l— ;al if j = 0 and that the second term is 0 if j = s. This immediately implies

the lemma. 0
Ifk = (I_ql, ..., k;) is an index and 7 and i’ are integers with 0 <7 <4’ <r, then
we write kz/ = (ki+1, ey kzl)

Lemma 4.4. If k and 1 are indices and a is a positive integer, then we have

Zs:(—l)j { % ;a} « [V = [k, a,1],

where s = depl.

Proof. Lemma 4.3 shows that

§=0 i=0 i=
=) (1) [kaly] = <Z(1)Sj[l§/]* * [lj]>
=0 i=3
= [k, a,l],

where the last equality follows from the observation that the third remark after
Theorem 2.1 implies that the sum in the round brackets vanishes unless j' = s, in
which case it is equal to [(]. O
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The following lemma will be the key to explaining the relationship between the
sum formulas for multiple zeta(-star) values and symmetric multiple zeta(-star)

values and also to proving our main theorem:

Lemma 4.5. If k and 1 are indices and a is a positive integer, then we have

r -
k,a,l];, = Z(_l)r—i [ ’:i 7 ] |k |+at|t] *] +Z

=0
- | K k| +a+|l
[k,a,l]i,yi;(—l)’ ' l & ,a] kI atitl s [k +Z

where r = depk and s = depl.

Proof. The first identity implies the second because

[k,a, 07, = (=1)" " 15([k, a,1a,y)

o alre s

:r&T &T:r

o] el

T <~ )
= (=) (1S d v ] g ()
=0

— r+9+1z r z r i+s+1

)
pyrtet z::(_l)jgd % ;ank+a+l,~ % S([1]4

WHZ i [ b } alkHetbl (—1)a iy

k

T ] s (1) )

— ‘ (_1)r—i [ <l_ M;| y|kl\+a+|l| * +Z ] [

v)

z,Y

T,y

§ ;a] glklratltsly s
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Lemma 4.4 shows that
T <_ %
l

k,a,l),, = Z[ki] « [T, a, ki|zelylk+atitl 4 Z[kﬂ,lj] * |
i=0 Jj=0

r r . < — .
_ [kz] " ( (_1)r—z [ kli/ ;a‘| « [kﬁ,])x"“'yk [+a+|]
0 i/

+ZS:<ZJ:(—1)W [ g ;a} * [l§']> i [0 ket

— )
y . J
1] et it

§=0 \j’=0
r Rl i
r—i l if a <_7, i i
= Z(—l) l K ;al ylk" el (Z[k:z] * [ki,]x|k1|y|ki/>
=0 i=0
5 . kj s -7 — i! i
+ (1) { - ;a} glkltatityl (Z[lg' ] % [19]alt le>
3’=0 J i=J’
r <
_ r—it | LR et
= (-1) & ialy s [Kir ]z,

s -/ k -/
j/

which completes the proof. O

4.3. Sum formula for Schur multiple zeta values of anti-hook type.

Theorem 4.6 (Bachmann, Kadota, Suzuki, Yamamoto, and Yamasaki [1]). If r
and s are nonnegative integers and w is an integer with w > r 4+ s+ 2, then

k‘l,...,k‘r w—1
S () < (U e
1y,---5ts S
ki+-tketatli 4+ Hls=w
kiyeoskryly, o ls>1

a>2

Remark 4.7. This theorem is a common generalization of the identities in Theo-
rem 1.1.

This theorem can be rephrased as follows:
Proposition 4.8. We have
k dep k ppdep Lyr7|k|+a+|l| w
> ¢ ) ATPEBERTW = 1= 1L+ B)W) =i ((A+ B)W))
k,l
a>2

in Z[A, B][[W]].
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Proof. Theorem 4.6 shows that

k, dep k pdepl |k|+a+|l] _ k T RSTITW
;C(l,a)APBPW = > > ¢\ §sa)ABW

r,s>0 |k|+a+|l|=w
a>2 w>r+5+2 dep k=r,depl=s
a>2

S (wsl)g(w)A’”BSWw

r,s>0
w>r+s+2

co w—2w—s—2

:ZZ;) Z:: ( )ATB C(w)W™

w=2 s=

—~ (w—1\1—-Av—s!
BS w
(") o e

[~}

M

w=2 s=0
— (1+B)*~ ! — (A+ B)»!
:Z(+ ) 1_54"' ) C(U})Ww
w=2
w
= 17(%((1 + B)W) = ¢1((A+ B)W)),
as required. (I
Remark 4.9. If we define
Grz(W) =Y [RWHE e Z[[W]],
k=2
then
Z k Adepdeeplw|k|+a+|l\ 7& (w 1+ B . A+ B
P —— (W1 z((L+ B)W) — 1 z((A+ B)W))
k,l
a>2

in Z[A, B][[W]] because, for example, the coefficient of W3 in the left-hand side is

[ g ;3} [ ) }A+ [ ! ;2}B:[3]+[1,2]A+[1,2]*B,
whereas that in the right-hand side is

3
%((1 + B)? — (A+ B)?) = [3] + [3]A + 2[3] B.
4.4. Relationship between the sum formulas for multiple zeta values and
symmetric multiple zeta values. The following proposition somehow explains
the similarity between the sum formulas for multiple zeta(-star) values and sym-
metric multiple zeta(-star) values:

Proposition 4.10. If k and l are indices and a is an integer with a > 2, then we

have

r 4 (l—

Gslka.l) = 3 O(-1 ¢ ( K ) (D iga ie) + Z e 4 ) s
i=0

/A
C5lk,al) =D (=1)" 14( Z;a)( W (k +Z (Z )c @),

=0
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where r = depk and s = depl.

Proof. Apply Z to the identities in Lemma 4.5, and set x = 1 and y = —1. O

We now deduce Theorem 1.3 from Theorem 4.6, which is a generalization of
Theorem 1.1, with the aid of Proposition 4.10. Let r and s be nonnegative integers
and let w be an integer with w > r + s + 2. Then by summing the identities in
Proposition 4.10 over all indices k and ! and all integers a > 2 satisfying depk = r,
depl = s, and |k| + a + |l] = w and by using Theorem 4.6 and the fact that any
symmetric sum of (g (or (%) of depth greater than 0 is 0 modulo ((2)Z (see [8,
Theorem 1.1] for (g; for (%, observe that when each (% is expressed as a sum of (g,
a symmetric sum of (§ becomes a symmetric sum of (g), we obtain

Yo Gskial)

|k|+a+|l|=w
dep k=r,dep l=s
a>2
. r—1i l wi
e () )enn((F )
=0 w1 Fwe=w |k|+a+]|l|=w; |k|=w2
w122,w2>0  dep k=r—i,depl=s dep k=i
a>2
¢ : k
ey (x q(Fa))( T own)
=0 witwe=w \ |k|+a+|l|=w; [t|=w2
w122,w2>0  dep k=r,dep =3 depl=s—j
a>2
— r l w s k
|k|+a+]|l|=w |k|+a+]|l|=w
dep k=r,dep l=s dep k=r,depl=s
a>2 a>2
sfw—1 w fw—1
= (M e nT (M) ew)
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and
> kel
|k|+a+|l|=w
dep k=r,dep l=s
a>2
- r—1 k w *
ey (0 o(a))enn( 8 )
i=0 w1 +wr=w |k|+a+]|l|=w1 |k|=w2
w1 2>2,w2> dep k=r—i,depl=s dep k=1
a>2
s ' l N
e w (<L) X wo)
=0 witwa=w \ |k|+a+|l|=w; [t|=ws
w122,w220  dep k=r,depl=j depl=s—j
a>2
— r k w s l
=<—1>< > (] ;a)><—1> +<—1)< ) <<k>>
|k|+a+]|l|=w |k|+a+]|l|=w
dep k=r,depl=s dep k=r,depl=s
a>2 a>2
sfw—1 w sfw—1
= 0 (" e + (M ew)

= (o (") e (M) )

modulo ¢(2)Z.

4.5. Proof of our main theorem. We begin with computing the generating func-
tions

> [k, a, Uy  ANPEBAPL IRt N g g q);  Aderk pleptyylkltatill ¢ T(p y][A, B)([W]].
k1 k1l

a>2 a>2

Since it is unlikely that the generating functions can be written in terms of I'y 7 (W)

only, we shall use the generating function

F7(A,B,W) = Z { ’;’ ;a] Adep k pdeplyyrlkl+a+|l] o T[A, B|[[W]],
k.l
a>2

which appeared in Remark 4.9. Note that
S'(FI(A,B,W)) = ZS ([ ’; ;a:|) Adepk pdeplyy/lk|+a+|i|
k.l
a>2
= Z(—1)depk+depl+1 { 'i ;a] Adep k pdeplyy/lk|+a+|l]
k.l

a>2

= —F;(-B,—A,W).
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Proposition 4.11. We have

r (xW)I‘lI(yW)
k,a, 1], A%Pk pertyylkltatill — pr(p, — Ay — ’
2tk 0l 2B =AW T A 21— D)
a>2

FLI(Z’W)FLI(yW)
Ty z(z(1—=B)W)l z(y(1 — B)W)’

Ty z(z(l+ AW z(y(1+ AW)
k,a, 1%, Adrk plertyylkltetil = pr(— A, B yWw)—L ’
;[ ]l,y iz yw) Ly z(@W)l z(yW)

+ Fr(A,—B,aW)

Iy z(x(14+ B)W)T'y z(y(1 + B)W)

Fr (=B, A
+Fr(=B, 4,2W) Ty 2(@W)I1 2 (W)

in Ilz, y][A, B][[W]].

Proof. The first identity implies the second because

Z[kv a, 1]} Aderk pdeplyylkltatil

a>2

= _5' (Z[k’ a, l}xyy(—A)depk(—B)delolWIkHaHl>

k,l
a>2

FLI((EW)FLI(ZJW)
FLI(]}(l + A)W)Flyz(y(l + A)W)
FLI(CCW)FLI(yW)
+Fr(-A, B, xw)rl,z(x(l +B)W)l1 z(y(1 + B)W)>

Ty z(z(1+ AW z(y(1+ AW) Iy z(z(1+ B)W)T1 z(y(1 + B)W)
Ly z(@W)I' z(yW) T F(=5 4. 2W) Ly z(azW)lz(yW) '

= _S<FI(_BvAa yW)

= FI(_A7B7yW)
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Lemma 4.5 shows that

Z[ka a, l]z}yAdep k gdep Lyy/lk|+a+|i|

k,l
a>2

- i > [ka,lly AT BEWIkTetl

r,5=0 dep k=r,dep l=s
a>2

<_
Y Y Y [ ] yl& et U s [k, AT BEW Rt
r,6=0 dep k= rdepl s 1=0

S

PSS Y S| et s
J

r,5=0 dep k=r,dep l=s j=0
a>2

_ (i 3 { ]i ;a]( AY B (W) |k|+a+|z> (Z S [k 7yAiW|k|>

i,5=0 dep k=i,dep l=s =0 dep k=1
a>2

N <i T { ’; , ]Ar( BY (aW) |k|+a+z> (Z S zyBjW|z>

r,j=0 dep k=r,dep =3 j=0depl=j
a>2

= (Z { ,i ;a] (—A)depdeepl(yW)k+a+z|> ( [k]m,yAdepka>

Iy z(W)T

1,7(yW)

k,l
a>2
N <Z [ I; , }Adepk( B)depl(xW)|k|+a+|l>< BdepLW|l|>
k,l
a>2
= Pr(B,—A,yW) Lzle)lr W) + Fr(A,=B,aW)

Fiz(x(1 =AW z(y(1 - AW)

by Proposition 3.4. This completes the proof. O

F171($<1 — B)W)FLI

(y(1 = B)W)
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Theorem 4.12 (Main theorem). We have

> Cany(k, a,1) AdePF pleptyylkltatil

k,l
a>2
W Ly (2 W)L (W)
73(1/)1(2/(1 — AW) = (y(B - A)W))Fl(x(l — AWT(y(1 — AW)
W Ty (zW)Ty (yW)
A(%(m(l —B)W) — 91 (x(A - B)W))Fl(x(l _1B)W)Fi(y(1 - B)W)’

Z C;,y(kv a, l)Adep deeplW|k|+a+|l\

k.l

a>2

(2/11( (1+B)W) = ¢ (y(B — AW))

[y (z(1+ A)W)D (y(1+ AW)
1+A (

)
Fl(xW)F1 Yy )
T(z(14+ B)W)I'1 (y(1+ B)W)
F1($W)F1( )

T B(%( z(14+ AW) — ¢y (x(A - B)W))

in Z[T][z, y][A, B][W]].

Proof. Apply Z to the identities in Proposition 4.11, and having

Z(FI(A,B, W)) :Z ( ’; ’a) AdepdeeplW|k|+a+|”
k,l

aZ)Z

in mind, use Proposition 4.8. [
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