OHNO RELATION FOR REGULARIZED MULTIPLE ZETA VALUES

MINORU HIROSE, HIDEKI MURAHARA, AND SHINGO SAITO

ABsTrRACT. The Ohno relation for multiple zeta values can be formulated as saying that a certain operator,
defined for indices, is invariant under taking duals. In this paper, we generalize the Ohno relation to
regularized multiple zeta values by showing that, although the suitably generalized operator is not invariant
under taking duals, the relation between its values at an index and at its dual index can be written explicitly
in terms of the gamma function.

1. INTRODUCTION

Multiple zeta values (MZVs) are real numbers defined by

1
C(htyeonka) = >

O<mi<--<mg 1 " Mg

where ki, ..., kq are positive integers with kg > 1. A lot of formulas for MZVs are known and the Ohno
relation is one of the most famous among such formulas. Put b := Q (z,y) and h° := Q@ yhz. Define a linear
map Z : h° — R, a ring homomorphism o : h — h[[T]], and an anti-automorphism 7 : h — b by
Z(yatr =t yabe ) = Clhn, - k),
1
o(z) ==z,0(y) = 1_2T’

and

(@) = y.7(y) = .
In this paper, we use T, A, B as parameters of formal power series, and we regard any linear map ¢g on a
Q-vector space R as naturally extended to the linear map g on R®QI[T, A, B]| by >, , ,>¢ g(capTtA*BY) =

Zm,bzog(cm’b)TtA“Bb. Then Z o o(w) is defined for any w € h° as an element in Ry = R[[T]].
Theorem 1 (Ohno relation for MZVs, [7]). For w € §°, we have

ZoogoTt(w)=Zoo(w).
Remark 2. The original formulation of the Ohno relation in [7] is described as

Y Ckten o kete)= > (K ter,... K +e),

e1+-te.=m e1+-tes=m
€1,...,er >0 €1,...,€5s>0

where (k},...,k.) is the dual index of (ki,...,k,) ie., 7(yzF =1 - yafr=1) = yabi—1. . yzh=1 and it
corresponds to the equality of the coefficient of 7™ in Theorem 1 in the case w = yz®1 —1...yake=1 A
formulation similar to the above theorem can be found in [5].

The shuffle product W : h x h — b is the bilinear map defined by
wwl=1lww=w (webh),
upwy Wusws = up(wy Wusws) + ug(ujwy Wws) (u; € {x,y},w; €H).
It is known that Z(w; W wy) = Z(wy)Z(wy) for wi,wy € % Let Zy : h — R[X,Y] be the unique map
characterized by Z)“(J’Y|h[J =27, Z% y (w1 Wwa) = Z¥ y(w1)Z% y (w2) for wi,wy € b, Z¥y(r) = X, and
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Z%y(y) =Y. We put 2% = Zg,. Then for any w € b, Z¥, (w) becomes a polynomial of X and Y
whose coefficients are linear combinations of MZVs, and called a (shuffle) regularized MZV. The term ‘shuffle
regularized MZVs’ often means the values ¢"(ky,...,kq) = Zio(ya™ 1 yabe=t) with ky,... kg > 1,
namely the values for words starting with y, but in this paper, we also consider the values for words starting
with . The main theorem of this paper is a generalization of Theorem 1 to regularized MZVs. To state the
main theorem, define an R-linear map p : R[X,Y] — Rr[X, Y] by the equality

p(eAXHBY ) — rA+AIQ-7T+B) GAX+BY
T(I+ B)I(I-T+A)

in Rr[X,Y][[A, B]]. Equivalently, p is determined by

Xkyl , XKyl
p< ! > ZZ (k= K5 L= )=

=01l'=

where the coefficients ¢(—, —) € Ry are given by

X = o T+ Ar(1—-T+B)
k;”; o(k,DA*B' = T(1+B)I(1-T+A)

Theorem 3 (Main theorem; Ohno relation for regularized MZVs). For w € b, we have
ZyxoooTr(w)=poZxyoo(w).

Example 4. Let (ki,...,kq) € Z, be an admissible index (i.e., kg > 1) and (ki,...,k]) its dual index.
Let us look at the case w = zyzF1—1...ygha—1

ZW (xlyxki—t .. yzka=1l) we have

in Theorem 3. By using the notation (;(ki,...,kq) =

Z¥xooor(w)=> T™ > Gkl +er ...k +enl+em)

m=0 e1+-terp1=m
€1s.-0y er+1>0

XY T > (K ten.. ke

€1,ueny eTMZO
and
oo
i
Z3y oo(w) = E T g Ci(kr +e1,.. . ka+eq)
m=0 e1+---+eqg=m
e1,...,eq>0

+XZT’” Z Cky+e1,... kq+eq).

m=0 e1+--+eg=m
€1,...,a>0

Since p(X) = X + > 7 ((n+ 1)T", the equality of the coefficients of 7 XY implies the original Ohno
relation, and the equality of the coefficients of 7™ X°Y 0 implies
Z Co(ky +er,. ...k +e,1+e41)

ert+-tepp1=m
€1,-ert1220

= Z Cl(k1+61,...,kd—|—6d)—|— Z C(n—Fl)C(kl+61,...,/€d+6d).

e1+-Feqg=m e1+--+eqg+n=m
€1,...,q4>0 e1,...,eq>0,n>1

The following is an equivalent formulation of Theorem 3:

Theorem 5 (Equivalent formulation of Theorem 3). For w € h°, we have

1 1 1 1 I(1+ AT(1—T + B)
LU —
)z OUOT(l—wal—yB> 7 OU<1—wa1—yB>XF(1+B)F(1—T+A)'
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2. PROOF OF THE EQUIVALENCE OF THEOREMS 3 AND 5

Put 6 = 700 o7. Then since Zy'y = Z§y o7, we have Zy'y oo o7 = Z§ 05, which also implies that
ZWooor = Z"o0g5. Note that any element of b can be written as a linear combination of the terms z%wy®
with w € h° and a,b € Z>o. Thus Theorem 3 is equivalent to the statement that

1 1 1 1
2.1 79, 06— =poZy W
(2.1) X’Yog(lewlyB> pe Xﬁyoa(lew1yB)

for all w € h°. Define a linear map reg,, : h — h° by

reg,,, (w Wz Wy") = wdeodo (w€H).

Then Z" = Z oreg,,. For a,b € Z>(, define a linear map D, p : h — b by

Dap(tiy -+~ i) = 4 Va1 Um=b M2 a+bur = = Uy = L Ul =0 = Um =Y
b(U1 = .

“ " 0 otherwise,

where uy,...,un € {z,y}. Then we have

o0

(2.2) ZZ reg,, (Dg.p(w)) wz® wy®
0 b=0

for w € h as a special case of the following lemma.

Lemma 6 ([8, Lemma 3.2.4 and equation (3.2.20)]). Let X be a set, and A = Q () the free non-commutative
polynomial ring generated by ¥. Define a linear map ¢ : A — Q by c(uq - - - ux) = k0, where ug,...,u, € 3.
Let A and B be disjoint subsets of 3. Put

AO::Z Z ur - upQ C A

k=0 uq,..., uREX
ul ¢B,uk ¢A

and define a linear map s : A°@Q (A) @Q (B) — A by s(w; @ wa @ws3) = wy Wws Wws. Then s is bijective.
Furthermore, for (ai,...,a,) € A", (b1,...,b) € B!, and w € A°, we have
I or

B
bl"'blwa’!‘”'a‘lzz bl"'biu—laj”'alu—lregA(bi-f—l"'blwa’l‘"'aj—‘rl))
i=0 j=0

where reg is the map from A to A° defined by regh = (id®@ c®c) o s
By (2.2), we have

28y ) =33 T 2 (Dapw) (w e ).

Thus the left-hand side of (2.1) is

1 X“Y 1 1
W= _
ZX’YOU<133A ) ZZ a!b! ODa’boo<1wa1yB>'

a=0 b=0

Let us calculate Dgj, 0 6(—=7w— yB) By definition,

e sINe's] k
_ 1 1 _ 1 _ k ol
U(l—wal—yB>_kz_:¥<l—yT> 7(w)y' A*B"

Since 7 (w) € h°, we have
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if k<aorl<b Thus

Dmbo&(l_le 1_yB) iib ((1 yTx>k5(w)yl>A’“Bl

~ATBD ((1 yT ) 1ijw1¥ZB>yﬂ
1

= A*Bbs ( ) (by the definition of Dy ).

1—2AYT= yB
Therefore, we have

1 Xoyb 1 1
YA 5 ABx 7% o5 —— p——
KY°U<1—xA 1—yB> ;%;% alb! 8 Oa(l—wal—yB>

1 1
— (AXHBY o g o .
¢ 8 OU(lewlyB)

Similarly the right-hand side of (2.1) is
1 1
p°Z§Y°“<1_wa1_yB)

1 1
_ AX+BY y yuw
p(e . OU(l—wal—yB)>

1 1 I'(1+ Ar(1-T+ B)
_ _AX+BY L
= xZ °”<1mw1yB)Xr(1+B)F(1T+A)'

Thus (2.1) is equivalent to (1.1).

3. SYMMETRIC HARMONIC PRODUCT

Put b’ == yh @ zh. Let eg = x, e = —y. Define the symmetric harmonic product % : ' x b’ — b’ as the
bilinear map satisfying

€q ¥ €py " €Cp, = €p, "€, ¥ €q = €qh; """ Eqab,

eqWi ¥ epwa = eqp(w1 * epwa) + eqp(eqwi * wa) — eqpeo(wy * wa)  (wi,we € H'),

where a,b,b1,...,b, € {0,1}. Then % has a following combinatorial description which is similar to the one
for % given in [3]:
€ag " €ayy, * €by * "+ €p,, = Z (71)#&lpi6(1/2+2)2}60(170) CCe(pmgn)s
p:(p07--<7p7n+n)
where p = (po, - - -, Pm+n) Tuns over all sequences of elements of (%Z)2 such that pg = (0,0), ppmin = (Mm,n),

pit1 —pi € {(0,1),(1,0), (3, %)}, and {p;, pit1} € (3 + Z)? for all 0 < i < m + n, and c(p;) is defined by
azb pbi = (x,y) € ZQ?
C(pi) = Y 1 2
0 pi € (5 + Z) .
By this combinatorial description, we can see that the symmetric harmonic product * is compatible with
the reversal operation, i.e.,
%
(3.1) fop %oy = wy Fwy  (wr,ws € ),
where 1 is the reversal word of w. By definition, we have

(3.2) wie ¥ weey = (wy xwa)ey  (wy,ws € h),



OHNO RELATION FOR REGULARIZED MULTIPLE ZETA VALUES 5

where * : h X h — b is the usual harmonic product defined in [3]. Note that by the correspondence
yar gkt s (kL k),

the product * on Q + yh corresponds to the harmonic product on indices (see [3] for details).
Thus we have

(3.3) Twy ¥ we = wy * xwy = x(wy ¥ w) (wy,wy € '),

(3.4) ywy * ywa = y(wy ¥ ywa) + y(ywy * we) + yr(wy ¥ we) (wy,ws € B').
By (3.1), (3.3), and (3.4), we have

(3.5) wWiT ¥ we = wy ¥ wex = (w1 ¥ wa)xr (wy,ws € '),

(3.6) w1y ¥ woy = (w1 ¥ way)y + (w1y * we)y + (w1 ¥ wa)zy  (wi,ws €H).
Furthermore, putting z = = 4 y, we also have

(3.7) w1z % wez = —(wy xwa)z (w1, ws € h)

since

w1z * woz = wiy * woy + (w1 * woy)x + (w12 * wo)x = (wy * way)z + (w12 * wy)z
= R, M (wiy * way)z = —(wy *ws)z,

where R, : h — by is defined by R, (w) = wy.

4. PROOF OF THE MAIN THEOREM ASSUMING A FEW PROPOSITIONS

In this section, we give a proof of Theorem 5, assuming some propositions which will be proved in later
sections. Since h° := Q @ yhx, Theorem 5 is reduced to the two claims

/1 1 1 1 I(1+ A1 —T + B)
41 LR (e ———— R
(4.1) °"<1xA1yB> OU(lelyB)XF(1+B)F(1T+A)
and
/1 1 1 1 I(1+Ar(1-T + B)
L _ 7w
(42)  vweybe, 2 °”<1—wa1—yB) Z O“<1—wa1—yB)Xr(1+B)r(1—T+A)'

Then (4.2) is equivalent to

) 1 1 1 1 14+ AT (1-T+ B)
(4.3)  Vw € yhz, OU(lewlzB) 00(1ZAw1ZB)XF(1+B)F(1T+A)

since

{1lmAwl }yB w e yﬁx} ={ueh|(1—-zA)u(l—yB) e yhx}

={ueh|(1-zA)u(l—=zB)eyhz}

! 1 b
N 1—zAw1—sz YT
where § = b[[A, B]].
Let ¢ be the automorphism of h defined by p(z) = 2, p(y) = —y. Note that ¢ o ¢ = id. Define

H:b— R[[A, B]] by
1 1
Hw) :Zmo*"(lmwlw)-

Our main theorem can be proved by combining the following propositions which will be proved in later
sections:

Proposition 7. For w € b, we have
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yT
14+ yT

(4.4 ow) = aw) 4o (2 px 7 plotw) )

Proposition 8. For wi,ws € yhz, we have

- sint(A— B
H@wwg:fﬂmgﬂmg—l%——l
Proposition 9. We have
g yT B ™ F(1+A)F(1—T+B)71
1+yT° )~ sinm(A— B) \I(1+ B)I(1-T + A) '

(4.5)
Before proceeding to the proof of the main theorem, let us introduce the following useful formulas which
will sometimes be used in the remainder of this paper.

Lemma 10. PutR = Zve{w,y} ZSe{T,A,B} QSv. For P,Q € R, wy,...,wy, € [[T, A, B]], anduy,...,uny €
{z,y}, we have

1 1 1 1
ﬁLUU}OU]_’U}l"'Um’LUm— (]-PLU’U)O) U1 (]-}DLUUH) st Uy (]-PLU’lUm)

L 1 1
1-P 1-Q 1-P-Q°

We omit the proof of this lemma since it is almost obvious.

and

Proof of Theorem & assuming Propositions 7, 8, and 9. It is enough to prove (4.3) and (4.1).
To prove (4.3), we take w € yhz and set u = (1 — zA)0 (=g w—5)(1 — 2B). Then

(4.6) o(u) € yb2[[T, A, B]|

since

1 1
——(1—-2B BT
1—2Aw1—zB( w5ty )>

A B
1
( +ymleA>w(1+ymleB>)

€o (yhx[[Ta A, B]]) - ybx“Ta A, B]]

(1 - zA + yz AT)

uUu=a

=0

7N N

Now (4.3) follows from the following calculation:

1 1
o5 | ——w—""=
OJ(l—zAwl—zB>

T 1 1
T i yTZ ¥ <a (l—zAwl — zB))) (by Proposition 7)

T 1 1
—&-Z“"ow( - )
T

TR wey Ok

)
)
g )t (T e) 0y (33) md (35))
)
)
)

z) H(gp(u))w (by (4.6) and Proposition 8)

(o () )

P1+ A1 -T+ B) N
' P
P(l + B)F(l — T+ A) (by roposition 9)7
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We now prove (4.1). Since

_ 1 1
? 1—-2A1—yB

_ 1 1
- 1
]-_W(EA].—’LUB
1 1
A VDT
1 1 B-T
1—yT —2zA  1—yT —xA”1—yB
1 ! 1 1 1 B-T
- - L L by L 10
1-zA 1_yT+1—xA 1—yB 1+y(B_T)y1 A (by Lemma 10),

we have

1 1 1 B-T
U5 | —— = =741
oo(lelyB) ( +1+y(BT)y1+:cA>
1 1
1 . W
=1-AB-T)Z (1+y(B_T)W1+xA>

=1- ) < ...,1,b+1)(T B)*(—A)®

ab>1
ri+ArQ1-7T+B)
T T(I+A+B-T)
(see [1, equation (10)] for the last equality). Similarly, we also have
ZUJOJ< 1 1 >_F(1+B)I‘(1—T+A)
1—zA1-yB I'i+A+B-T1)

Thus (4.1) is also proved.

5. PROOF OF PROPOSITION 7

In this section, we prove Proposition 7. For m € Z, define o,,, : h — b by o(w) = > T" 0y (w)
and o,(w) = 0 for n < 0. Furthermore, we put 6,, == 700, 0o7. Let o : h x h — b be the bilinear
map defined in [2]. Tt satisfies @(wy) * p(wa) = p(wy © we), ywy © yws = y(yw; ¢ we) — y(wy © xws), and
ywy © zwe = z(ywy © we) + y(wy o zws). For n € Z and w € h, we put f,(w) =y ow — (y" " o w)y, where
we mean y"™ = 0 for m <0, i.e.,

o

n <0,

falw) =< w n =0,
yrow— (y"tow)y n>1.

For n > 1, since

and
(y”w( )= (" p(w)y)y
= *p(w)y (”iso( )y (by (3.2))
=— (y”+1 Fpw))y — (Y™ *p(w))zy  (by (3.6))
— (Y zxp(w))y (by (3.5)),
we have

(5.1) fa(w) = (=1)"o (y"2 % p(w)).
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Lemma 11. Forn € Z and w € b, we have

fn(xw) = mfn(w) + yfn—l(xw)a
fr(yw) = yfn(w) — yfa1(zw).

Proof. The lemma follows from yw; ¢ zws = x(yw; ows) + y(wy ¢ zws) and ywy o ywe = y(ywy ows) — y(wy ¢
Tws). O

Lemma 12. Forn >0 and w € b, we have

§=0
Proof. By Lemma 11, we have
D iy wy =y Y fi@"w) =y Y fioa(e ) = yfa(w). D
j=0 j=0 j=1

Lemma 13. For m > 0 and w € h, we have

Tm(zw) = YFm—1(zw) + 5y, (W),

Tm(yw) = yom(w),
m—1 m

fj(gm—j(xw)) =Y Z fj(am—l—j(xw)) + foj(o-m—j(w))a

=0

NE

=0 j=0
Z fj (O'm—j (yw)) =Y Z fj (Um—j(w))'
=0

0

Proof. The first two identities are obvious. The last two identities follow from the following calculation:

=

. xiofj(vm—j(w» ¥ yi fi1(@om_(w)) (by Lemma 11),

-
>~ ) = 3 3 o)

- Zm;iofj(yw” Somon(w)) i+ =)

- ioyfnwmn(w)) (by Lomma 12) =
Lemma 14. For m > 0 and w € b, we have

Tm(w) = io fi(om—j(w)).

Proof. Let us prove this lemma by induction on m and on the length of w. The case m = 0 or w = 1 is
obvious. Furthermore, both sides satisfy the same recurrence formula by Lemma 13. Thus the lemma is
proved. O
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Now, Proposition 7 follows from the following calculation:

6. PROOF OF PROPOSITION 8

In this section, we prove Proposition 8 by using the Kawashima relation. For n > 1, put z, = yz" '.
Define a bilinear map ® : hyh x hyh — bhyh by
W1Zm ® WaZp = (W1 * W2)Zmgn-

For w € yh and indeterminate T, define K(w;T) € R[[T]] by

K(w;T) =Y Z(y™ ® p(w)T™.

Then the Kawashima relation can be stated as follows:
Theorem 15 (Kawashima relation, [6]). For wy,ws € ybh, we have
K(wy xwy;T) = K(wy; T)K (we; T).
We put T'y(T) == exp(>_ - m(—T)") € R[[T]] and h! = Q @ yh. Then b is closed under the harmonic

n=2 n
product *. Define Z* : h! — R by the properties Z*(wy * wy) = Z*(w1)Z*(we), Z*(w) = Z(w), and
Z*(y) = 0, where w1, wy € h*, and w € h°. Then the regularization theorem can be stated as follows:

Theorem 16 (Regularization theorem, [5]). For w € h°, we have

& (wl —1yT> =Nz (wl —1yT> ‘

Corollary 17. Let L € QT. If w € h°[[T]](1 — yL)~1, then
ZM(w) =T1(L)Z*(w).

Lemma 18. For u € yh, we have

K(uw:T) = S'in(ﬂﬂzw ((p(u)ajl +1ZT) .

Proof. 1t is enough to consider the case where ¢(u) = vz for some v € h! and k € Z>;. We have

K(u;T) —TZ<1_yTy®vzk>

1
:TZ<(1—yT *v) zk+1>.
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Note that for any formal power series wi, we, and ws of T whose coefficients are in b, 693:1 Qzm, and b
respectively, we have

1 1 1
6.1 * 3= * 1 T *
(1) T—yr " <l—yT w1>w2( o )<1—yT w3>
since the combinatorial description of the harmonic product between indices shows
yN * W WaW3 = Z (le * w1) wWo (yN2 * ’U.)3) + Z (le * wl) WoX (yN2 * w3) .
N1+Ny=N N14+1+Ny=N

Note that the harmonic inverse of | 1 7 is given by
1—yT +y2T? —y2*T? + - =1 —yT(1 +27)7!

Thus, by applying (6.1) to wy = v, we = zp+1(1 +2T)71, and w3 = 1 — yT'(1 + 27) !, we obtain

1 | 1
1—yT T T T (1—yT*”>Z’““’

and thus
KT =77 —2 !
LTy %
“ 1—yT VAR T
1 1
=TZ* 7* — .
(1 yT) <v2k+11+zT>

Here since

1

1 0
1.7 <V M7

0
T
17 SV M7
we can apply Corollary 17, and we have

and  vzr41

1 1
KwT)=Tr(T) 'zv 0y (=T)"tzv -
(i T) = TT4(1) (1_yT) (1) 2% (v )

Define a linear map a4 : h — h[[A]] by

ar() =1, as(eow) =0 (o ww)  (we lmyhwen),

1+zA
Lemma 19. a4(w; * w2) = as(wy) * as(ws) for wy,we € hL.

Proof. We prove this lemma based on the theory of quasi-symmetric functions in [4, Theorem 2.2]. Let
B be the inverse limit of Z[t7',... ¢ '] and define a linear map 1 : h' — P by (yz* 1. .yaka=1) =
D 0<my <<y tkr ot ke Then 4 is injective and ¢(wy * wz) = ¥(w1)Y(ws) for all wi,wy € hr (see [4,
Theorem 2.2]). Define the continuous ring automorphism D4 of B[[A]] by Da(A) = A and Da(t,}) =
(tm + A)7E =322 t,17¢(—A)°. Then for any u = yz*1 =1 .. yzka=1 € b1, we have ¢(aa(u)) = Da(¢(u))
since

d
D S ) [ () (C0

€1,...,ea>0

3 f[ i t ke (kj +:j - 1) (—A)

0<m1<---<mg j=1 \e;=0

> H tm; +A) 7 = Da((u)).

0<m1<--<mg j=1

Thus for any wy, we € b, P(aa(w*ws)) = (s (wr)*aa(ws)). Since 1) is injective, the lemma is proved. [
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Now we can show Proposition 8.

Proof of Proposition 8. For any w = w’z € yhz, we have

1 1
H :ZLLJ /
(w) OSO(l—wazl—xB>

1 1
=zY Ngero—— L 1
Z OSD(leLuaA(w)zl+x(AB)> (by Lemma 10)

1
=Z%op (aA(w,)Zl—l—x(A—B)) (since ¢ is a LW-homomorphism)

— zu <<,0(04A(w/))171+2(1A_B))

7r
= —— K ".A—DB) (byL 18).
sin(w(A — B)) (aa(w’); ) (by Lemma 18)
Thus for u = u'z,v =v'z € yhz, we have

H(u*v)=—H((u *v")z) (by (3.7))

= —mK(aA(u xv'); A — B)
= A =gy K @A)+ aa()i A= B) - (by Lemma 19)

B 7mK(O‘A(“/)? A - B)K(aa(v'); A~ B) (by Theorem 15)

7. PROOF OF PROPOSITION 9

The purpose of this section is to prove Proposition 9. The left-hand side of Proposition 9 is equal to

yT w 1 yT 1
_H -z .
(1+yTZ> (1—zA1—yTI1—zB

Here, by Lemma 10, we have

1 1 - 1
l—szl—yT 1—-2B
B S S 1 1 i 1
1—-2A  1-yB 1—yA—|—yBy1+xA—|—yB—yT 1+2A—2aB’
Thus
- ()
14+yT
1 1
=TZ
<1—yA+yBy1+xA+yB—yTI1+xA—a:B)
1 1 1
= (— YA =A-B,B=T—-B,vy=-A).
(—a+B8-1) (1_yayl_m_yﬁxl+m> (a B Y )
Thus it suffices to prove the following identity.

Proposition 20. We have

(—a+ﬂ—v)Z< L ! )

x
l—ya”l—zy—yB 14z«

_ 7 ( L1 —y)I'(1-p) _ 1)
sinta \T'(1 —a—7)I'(1+a—p) .
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Proof. Note that the equality which we want to show is one of formal power series in «, 3, 7. By the iterated
integral expression of MZVs, we have

1 1 1
x
1—yay1—a:'y—yﬁ 14+ za

o0

> Z((ay)kymwy)lx(—ax)m)

k,l,m=0

i / 1 (a ta t ds+5 o ds >l 1(_0[/1 ds)m dtdty
kLm0 ) 0<ta <ty <1 k! o 1—s m! S (1—to)ty
forn ) () (H )ﬂ( )ﬂ =n
O<ta<ty<i \1 —ta ta L=t ty (1—ta)ty
Note that

forn ) (“)7(1_”)5(1)_@ e
O<ta<tr<i \1 —ta ta L=t ty (1—ta)ty

converges absolutely as a complex function of «, 3, v in a neighborhood of the origin (o, 5,7v) = (0,0,0).
Thus it is enough to show the equality

(—a+ﬁ—’v)/o<ta<tb<l (1115@)& (2)7 (Ti;)ﬂ <i>_am
_ ( I'(l—~I(1-5) _1>

sinta \T'(1 —a—7)'(1+a—p)

as complex functions of «, 8, in a neighborhood of the origin. We denote by (z),, the Pochhammer symbol
z(x+1)---(z+m —1). Then, as a complex function, we have

O<ta<ty<i \1 —la 12 1—1 ty (1 —to)ts
= / t?+’¥*1 / t;'y(l o ta)a+,31dta) dtb
0<ty<1 <tqo<tp

— )8
(1—1t) < ;
a+vy—1 — - n_rya_B_Fln
N /0<tb<1 tb+ <1 - tb) ’ (Z /0<ta<t1, ta ( n! ) dta) dtb
(1—t,)" <Z (
) 1

n=0
_ o — 1), trt
:/ t?.;_fy 1 B+ )77, b dt,
o<tp<l1

— n! n—vy+1
[e's) . 1 .,
=3 (=5 f : / (1 — ty) Pty
s n! n—=7+1Joct,<1
:i(a—ﬁ+1)n 1 T(a+n+1)I'(-+1)
o n! n—v+1 T(a—p+n+2)

M(a+ 1T (—B+1)§°: (a+1),
Fa—pBg+1) nln—v+D(a—F+n+1)

 D(a+DI(-B+1) (a4 1)p(a—B+1), (@+1)p(=y+ 1),
- i )

Ta—B+1)(—a+8—-7) Z\(a=B+2umlla—B+1) (=7 +2)unl(—y+1)
Here, if ®(a) < 0, then the infinite sums

o0

(a+Dp(la—p+1), (a+1)n(— 7—1—1)
D TR EP IR Z 7 +9)

n=0
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converge to the hypergeometric series

a+l,a—F8+1
2F1[ p ;

a+1,—y+1
Oé—6+2 ,].:| and 2F1|: ].:|

—y+2
which are respectively equal to
IMNa—-8+2)I(—a) L(—y+2)I'(—«)
T(—B+1) and T T )
by Gauss’s summation theorem. Thus

« o B —«

oo G (Tw) (8) G8) (B) acen

0<ty,<tp<l a a b b a)lb
 Ila+1)I(-B+1) < Fla-B+2)(-a)  T(=y+2)(-qa) >
- Tla—-8+1) \I(=B+1)(@=F+1) I(-a—y+1)(=y+1)
T (i )

NMli—a—y)T1+a-7)

if R(a) < 0. By the identity theorem of complex functions, this equality also holds without the condition
R(a) < 0. Thus the proposition is proved. O

~ sin(ra)

Now all propositions in Section 4 are proved, and hence Theorems 3 and 5 are unconditionally proved.
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