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1 Residuality of Families of Closed Sets

Work in I := 10, 1].
K:={K CI|K: closed}.
d: Hausdorff metric on K.
(d(K,D) := 1 for nonempty K € K.)
d defines residuality on /C.
€.g.
{K € €| K: null}: residual in K.
We say typical closed sets are null.



2  Residuality of Families of F, Sets
2.1 How about giving F, a topology?

Give F, a topology via the surjection

QLA F
W W
(Kn) +— UZO:1 K,
It turns out that
F C Fy: residual <= {F € F, | F: dense} C F

This residuality is not useful.



2.2  Another approach

Def
F C F, is residual if

{(Kn) € K7 |UpZy Kn € 7}

is residual in KN,



Another natural surjection:

{ 6 ICN ‘ K{ C Ky C
ICI> — fg; (Kn)— U, _, Kn

Det
F C Fyis “-residual if

{(Kn) € K | UnZy Kn € 7}

- - - N
Is residual In /C/.



Main Thm
F C F, is residual iff it is -residual.

2.3 Evidences that this is the definition

Thm
For a o-ideal Z on I, T.F.A.E.:

(1) Z N F, is residual in F,;
(2) ZN K is residual in K.

Cor
Typical F, sets are null.



Relations with Functions

C(I):={f: 1 — R| f: continuous}
with the sup norm ||-||

Def
xr € I is a knot point of f € C(I) if
DT f(z) := limsup fy) = F(z) = 00,
Y\ y—+&
Dy f(z) = —00, D™ f(x) = 00, D_f(z) = 0.







For f € C'(1),

N(f):={x € I |xis not a knot point of f}
c Fs.

Thm (Preiss and Zaji¢ek (unpublished))
For a o-ideal Z on I, T.F.A.E.:

(1) N(f) € Z for typical f € C(I);

(2) ZN K is residual in K.



Thm

For F C F,, T.F.A.E.:

(1) N(f) € F for typical f € C(I);
(2) F is residual in F,.




3 Proof of Main Thm

Main Thm

For F C F,, T.F.A.E..

(1) {(K,) € K" ‘ oo K, € F}: residual in £V
(2) {(K,) € s U, K, € F}: residual in I




3.1 Banach-Mazur game

X: metric space, S C X.

Players (1) and Q) alternately choose a ball.

They must choose a subset of the ball chosen in the
previous turn.

By oD By D By D By DO---
1 1 1 1
D o) @ o)

Player @ wins iff ()" _, B, C S.



Fact
Player (2) has a winning strategy iff S is residual.

3.2 Plan for the proof

We look at
/-residual = residual.

F C F,: -residual.



/CN/—ga me

o X:/CN/.
o S={(K,) eK' | U K. <cF}.

e Player (2) knows a winning strategy.

KN-game

e X = KN,
o S={(K,) ek UL K,€eF}
e Player (Q) is looking for a winning strategy.
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3.3  Transfers

What matters is only the centres (not the radii).
We may assume that the centres are
sequences of disjoint finite sets in XN-game,

sequences of finite sets in Kﬁ-game.
How about the maps

Y — (K,) — (K1, K1 UK, ...),
/CI\} — N (K, — (K1, Ko\ K1,...)?

They don't work.



Why don't they work?

KN-game

-game

Ki: o

Ko: o o
Ky: o o o
Ki: o

Ko: @0 @
Ks: @0 o0 o



Throw these points o away:

KN-game IC
Kli ®
@Z ( KQZ ® — (
Kg! ®
K1: ®
_ KQI o — (
®. Kgl ®

~--game

Ki: o

Ko: o @
Ky: @ o o
Ki: o

Ko: @0 @
K3: 0 e0 o



Next step:

Kli ® Kll ®
Ko: ° %(Kzz % o
° Ks: o0 o0 o
Kqi: o Ki: o
KQZ ® %(Kz: 00O ©
%

K3: ee0 ee0 €0



3.4 What remains to be proved

Suppose
(intersection of balls in KCM- game
(intersection of balls in IC/ game)
(Pr), (Qr): limit of centres.
We know | J,_, @, € F.
We want | J.__, P, € F,

so shall prove | J._, P, =U,_, Qn.

{Pn}
UQn)}



Problem

KN-game /CN/—game
Kl Kl
K2 . i K2 . i %2
Kio: o
K731 2

The limit must belong to F;.



