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Typial ontinuous funtionsI := [0; 1℄.



Typial ontinuous funtionsI := [0; 1℄.C(I) := ff : I �! R j f is ontinuousg.Equip C(I) with the sup norm.



Typial ontinuous funtionsI := [0; 1℄.C(I) := ff : I �! R j f is ontinuousg.Equip C(I) with the sup norm.De�nitionA typial (= generi) f 2 C(I) has property P(written 8�f 2 C(I) P )def() ff 2 C(I) j f has property Pg is residual.residual = omeagre = omplement is meagremeagre = �rst ategory= ountable union of nowhere dense sets



Properties of typial ontinuous funtionsExample8�f 2 C(I) f is nowhere di�erentiable.



Properties of typial ontinuous funtionsExample8�f 2 C(I) f is nowhere di�erentiable.f 0(x) = limy!x f(y)� f(x)y � x does not exist at any x.



Properties of typial ontinuous funtionsExample8�f 2 C(I) f is nowhere di�erentiable.f 0(x) = limy!x f(y)� f(x)y � x does not exist at any x.What aboutDf(x) = lim supy!x f(y)� f(x)y � x ;Df(x) = lim infy!x f(y)� f(x)y � x ?



D and D of typial ontinuous funtionsTheorem (Jarn��k, 1933)8�f 2 C(I) 8x 2 I Df(x) =1, Df(x) = �1.



D and D of typial ontinuous funtionsTheorem (Jarn��k, 1933)8�f 2 C(I) 8x 2 I Df(x) =1, Df(x) = �1.What about Dini derivativesD+f(x) = lim supy#x f(y)�f(x)y�x ;D+f(x) = lim infy#x f(y)�f(x)y�x ;D�f(x) = lim supy"x f(y)�f(x)y�x ;D�f(x) = lim infy"x f(y)�f(x)y�x ?



Dini derivatives of typial funtionsIs it true that8�f 2 C(I) 8x 2 ID+f(x) = D�f(x) =1;D+f(x) = D�f(x) = �1?



Dini derivatives of typial funtionsIs it true that8�f 2 C(I) 8x 2 ID+f(x) = D�f(x) =1;D+f(x) = D�f(x) = �1?No!There is no suh f .



Dini derivatives of typial funtionsIs it true that8�f 2 C(I) 8x 2 ID+f(x) = D�f(x) =1;D+f(x) = D�f(x) = �1?No!There is no suh f .For, if f attains its maximum at a 2 I, thenD+f(a) � 0 and D�f(a) � 0.



Knot pointsDe�nitionA point x 2 I is a knot point of f 2 C(I) ifD+f(x)=D�f(x)=1; D+f(x)=D�f(x)=�1:



Knot pointsDe�nitionA point x 2 I is a knot point of f 2 C(I) ifD+f(x)=D�f(x)=1; D+f(x)=D�f(x)=�1:�f 2 C(I) 8x 2 I x is a knot point of f .



Knot pointsDe�nitionA point x 2 I is a knot point of f 2 C(I) ifD+f(x)=D�f(x)=1; D+f(x)=D�f(x)=�1:�f 2 C(I) 8x 2 I x is a knot point of f .Nevertheless, it turns out that8�f 2 C(I) `most' points are knot points of f .



Jarn��k's theoremTheorem (Jarn��k, 1933)8�f 2 C(I)almost every x 2 I is a knot point of f .



Jarn��k's theoremTheorem (Jarn��k, 1933)8�f 2 C(I)almost every x 2 I is a knot point of f .In other words, settingN(f) = fx 2 I j x is NOT a knot point of fg;we have8�f 2 C(I) N(f) is Lebesgue null:



Jarn��k's theoremTheorem (Jarn��k, 1933)8�f 2 C(I)almost every x 2 I is a knot point of f .In other words, settingN(f) = fx 2 I j x is NOT a knot point of fg;we have8�f 2 C(I) N(f) is Lebesgue null:How small is N(f) for a typial f 2 C(I)?



Theorem of Preiss and Zaj���ekTheorem (Preiss and Zaj���ek, unpublished)For a �-ideal I on I, T.F.A.E.:(1) 8�f 2 C(I) N(f) 2 I;(2) I \ K is residual in K (i.e. 8�K 2 K K 2 I).Here K = fK � I j K is losed (= ompat)gwith the Hausdor� metri (Vietoris topology).



Theorem of Preiss and Zaj���ekTheorem (Preiss and Zaj���ek, unpublished)For a �-ideal I on I, T.F.A.E.:(1) 8�f 2 C(I) N(f) 2 I;(2) I \ K is residual in K (i.e. 8�K 2 K K 2 I).Here K = fK � I j K is losed (= ompat)gwith the Hausdor� metri (Vietoris topology).Example8�f 2 C(I) N(f) is meagre, dimHN(f) = 0, et.



GeneralisationProblemCharaterise S � P(I) s.t. 8�f 2 C(I) N(f) 2 S.



GeneralisationProblemCharaterise S � P(I) s.t. 8�f 2 C(I) N(f) 2 S.Observe that N(f) is F� (= �02) for every f 2C(I).



GeneralisationProblemCharaterise S � P(I) s.t. 8�f 2 C(I) N(f) 2 S.Observe that N(f) is F� (= �02) for every f 2C(I).ProblemCharaterise F � F� s.t. 8�f 2 C(I) N(f) 2 F .



Main TheoremTheorem (Preiss and S.)For F � F�, T.F.A.E.:(1) 8�f 2 C(I) N(f) 2 F ;(2) 8�(Kn) 2 KN S1n=1Kn 2 F .(2) means that the inverse image of F under thesurjetion KN �! F�; (Kn) 7�! S1n=1Knis residual.



Attempt to prove the main theorem(2) 8�(Kn) S1n=1Kn 2 F =) (1) 8�f N(f) 2 F



Attempt to prove the main theorem(2) 8�(Kn) S1n=1Kn 2 F =) (1) 8�f N(f) 2 FA := f(Kn) 2 KN j S1n=1Kn 2 Fg: residual in KN .



Attempt to prove the main theorem(2) 8�(Kn) S1n=1Kn 2 F =) (1) 8�f N(f) 2 FA := f(Kn) 2 KN j S1n=1Kn 2 Fg: residual in KN .To show: ff 2 C(I) j N(f) 2 Fg is residual.



Attempt to prove the main theorem(2) 8�(Kn) S1n=1Kn 2 F =) (1) 8�f N(f) 2 FA := f(Kn) 2 KN j S1n=1Kn 2 Fg: residual in KN .To show: ff 2 C(I) j N(f) 2 Fg is residual.SuÆes to show:ff 2C(I) j 9(Kn)2A N(f)=S1n=1Kng is residual.



Attempt to prove the main theorem(2) 8�(Kn) S1n=1Kn 2 F =) (1) 8�f N(f) 2 FA := f(Kn) 2 KN j S1n=1Kn 2 Fg: residual in KN .To show: ff 2 C(I) j N(f) 2 Fg is residual.SuÆes to show:ff 2C(I) j 9(Kn)2A N(f)=S1n=1Kng is residual.This is possible by onstruting a very ompliatedwinning strategy in a Banah-Mazur game.(9 winning strategy in BM-game () residuality)



Attempt to prove the main theorem(2) 8�(Kn) S1n=1Kn 2 F =) (1) 8�f N(f) 2 FA := f(Kn) 2 KN j S1n=1Kn 2 Fg: residual in KN .To show: ff 2 C(I) j N(f) 2 Fg is residual.SuÆes to show:ff 2C(I) j 9(Kn)2A N(f)=S1n=1Kng is residual.This is possible by onstruting a very ompliatedwinning strategy in a Banah-Mazur game.(9 winning strategy in BM-game () residuality)But the onverse appears to be diÆult to prove bythe same method.



Sophistiation of this methodLemma9X � KN � C(I) s.t.(A) �(Kn); f� 2 X =) S1n=1Kn = N(f);(B) A � KN is residual=) 8�f 2 C(I) 9(Kn) 2 A �(Kn); f) 2 X;(C) X is analyti (= �11) in KN � C(I);(D) one more ondition (spei�ed later).



Sophistiation of this methodLemma9X � KN � C(I) s.t.(A) �(Kn); f� 2 X =) S1n=1Kn = N(f);(B) A � KN is residual=) 8�f 2 C(I) 9(Kn) 2 A �(Kn); f) 2 X;(C) X is analyti (= �11) in KN � C(I);(D) one more ondition (spei�ed later).We de�ne X in a (ompliated but) expliit way.Use the BM-game to show (B) (hardest part in thewhole proof).



(2) =) (1), assuming Lemma(2) 8�(Kn) S1n=1Kn 2 F =) (1) 8�f N(f) 2 F



(2) =) (1), assuming Lemma(2) 8�(Kn) S1n=1Kn 2 F =) (1) 8�f N(f) 2 FA := f(Kn) 2 KN j S1n=1Kn 2 Fg: residual in KN .



(2) =) (1), assuming Lemma(2) 8�(Kn) S1n=1Kn 2 F =) (1) 8�f N(f) 2 FA := f(Kn) 2 KN j S1n=1Kn 2 Fg: residual in KN .By (B), 8�f 2 C(I) 9(Kn) 2 A �(Kn); f� 2 X.



(2) =) (1), assuming Lemma(2) 8�(Kn) S1n=1Kn 2 F =) (1) 8�f N(f) 2 FA := f(Kn) 2 KN j S1n=1Kn 2 Fg: residual in KN .By (B), 8�f 2 C(I) 9(Kn) 2 A �(Kn); f� 2 X.) 8�f 2 C(I)9(Kn) 2 A S1n=1Kn = N(f) by (A).) 8�f 2 C(I) N(f) 2 F by def of A.



(1) =) (2), assuming Lemma(1) 8�f N(f) 2 F =) (2) 8�(Kn) S1n=1Kn 2 F



(1) =) (2), assuming Lemma(1) 8�f N(f) 2 F =) (2) 8�(Kn) S1n=1Kn 2 Fff 2 C(I) j N(f) 2 Fg is residual.Take a dense GÆ set G � ff 2 C(I) j N(f) 2 Fg.



(1) =) (2), assuming Lemma(1) 8�f N(f) 2 F =) (2) 8�(Kn) S1n=1Kn 2 Fff 2 C(I) j N(f) 2 Fg is residual.Take a dense GÆ set G � ff 2 C(I) j N(f) 2 Fg.A := �(Kn) 2 KN �� 9f 2 G �(Kn); f� 2 X	.



(1) =) (2), assuming Lemma(1) 8�f N(f) 2 F =) (2) 8�(Kn) S1n=1Kn 2 Fff 2 C(I) j N(f) 2 Fg is residual.Take a dense GÆ set G � ff 2 C(I) j N(f) 2 Fg.A := �(Kn) 2 KN �� 9f 2 G �(Kn); f� 2 X	.Observe that (Kn) 2 A =) S1n=1Kn 2 F .SuÆes to show that A is residual.



(1) =) (2), assuming Lemma(1) 8�f N(f) 2 F =) (2) 8�(Kn) S1n=1Kn 2 Fff 2 C(I) j N(f) 2 Fg is residual.Take a dense GÆ set G � ff 2 C(I) j N(f) 2 Fg.A := �(Kn) 2 KN �� 9f 2 G �(Kn); f� 2 X	.Observe that (Kn) 2 A =) S1n=1Kn 2 F .SuÆes to show that A is residual.A is nonmeagre.For, if A is meagre, then applying (B) to A gives8�f 2 C(I) 9(Kn) 2 A �(Kn); f� 2 X.So 9f 2 G 9(Kn) 2 A �(Kn); f� 2 X,ontraditing the def of A.



Topologial 0-1 law, �nishing the proofApply a topologial 0-1 law toA = �(Kn) 2 KN �� 9f 2 G �(Kn); f� 2 X	.



Topologial 0-1 law, �nishing the proofApply a topologial 0-1 law toA = �(Kn) 2 KN �� 9f 2 G �(Kn); f� 2 X	.A = prKN�X \ (KN �G)� is analyti,hene having the Baire property;



Topologial 0-1 law, �nishing the proofApply a topologial 0-1 law toA = �(Kn) 2 KN �� 9f 2 G �(Kn); f� 2 X	.A = prKN�X \ (KN �G)� is analyti,hene having the Baire property;A = Sf2G�(Kn) 2 KN �� �(Kn); f� 2 X	is invariant under �nite permutations beause(D) 8f 2 C(I) �(Kn) 2 KN �� �(Kn); f� 2 X	is invariant under �nite permutations.



Topologial 0-1 law, �nishing the proofApply a topologial 0-1 law toA = �(Kn) 2 KN �� 9f 2 G �(Kn); f� 2 X	.A = prKN�X \ (KN �G)� is analyti,hene having the Baire property;A = Sf2G�(Kn) 2 KN �� �(Kn); f� 2 X	is invariant under �nite permutations beause(D) 8f 2 C(I) �(Kn) 2 KN �� �(Kn); f� 2 X	is invariant under �nite permutations.It follows that A is either meagre or residual.



Topologial 0-1 law, �nishing the proofApply a topologial 0-1 law toA = �(Kn) 2 KN �� 9f 2 G �(Kn); f� 2 X	.A = prKN�X \ (KN �G)� is analyti,hene having the Baire property;A = Sf2G�(Kn) 2 KN �� �(Kn); f� 2 X	is invariant under �nite permutations beause(D) 8f 2 C(I) �(Kn) 2 KN �� �(Kn); f� 2 X	is invariant under �nite permutations.It follows that A is either meagre or residual.Sine A is nonmeagre, A must be residual.


