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Abstract

Let C(I) denote the Banach space of all real-valued continuous functions on the
unit interval I = [0, 1]. We say that a typical function f € C(I) has a property P
if the set of all f € C(I) for which the property P holds is residual in C([).
We call © € I a knot point of f € C(I) if the Dini derivatives of f at x are
appropriately positive infinite or negative infinite, and write N(f) for the set of
all non-knot points of f € C(I). The main theorem of the thesis characterises
families S of subsets of I for which a typical function f € C(I) has the property
that N(f) € S.

In order to state the main theorem, we need to define residuality of families
of F, sets. Let K denote the set of all closed subsets of I, and equip it with
the Hausdorff metric. Every F, set F' can, by definition, be written as F' =
U2, K, by using an element (K,) of the space KN of sequences of members
of K. Moreover, it is also possible to express F' as F' = |J, -, K,, by using an
element (K,) of the space ICN/ of increasing sequences of members of K. These
observations lead us to the following two ways of defining the residuality of a

family F of F, sets:
(1) the family F is residual if the set of all (K,,) € KN with |J)", K,, € F is
residual in KV,
(2) the family F is residual if the set of all (K,,) € ICI> with |J)2, K, € F is

. . N
residual in /C -

It turns out that these definitions are equivalent, and so we do not have to worry

which definition to use.



Abstract

Having defined the residuality, we can state the main theorem: for a family
S of subsets of I, a typical function f € C(I) has the property that N(f) € S
if and only if the family of all F,, subsets of I belonging to § is residual.

We use the Banach-Mazur game to prove both the main theorem and the
equivalency of residuality. The usefulness of the game lies in the fact that

residuality is equivalent to the existence of a winning strategy in the game.
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Notation

Notation in set theory

e N ={1,2,3,...}: the set of all positive integers, excluding 0.
e 7: the set of all integers.

e Z, =1{0,1,2,3,...}: the set of all nonnegative integers, including 0.

Q: the set of all rational numbers.

R: the set of all real numbers.

e AC B, BD A: Ais asubset of B, not necessarily proper.

A¢: the complement of A.
e AANB=(A\B)U(B\ A): the symmetric difference of A and B.

ATl B: the union of A and B, used only when A and B are disjoint.

H/\GA Ajy: the union of Ay for A € A, used only when the sets A, are

pairwise disjoint.

[n] = {1,...,n}: the set of all positive integers at most n, used only

when n € N.

Notation in topological spaces

Let X be a topological space and A a subset of X.

o Int A: the interior of A.

e A: the closure of A.



Notation

Notation in metric spaces

Let (X, d) be a metric space, and let a € X, A C X, and r > 0.
e B(a,r)={x € X | d(z,a) < r}: the open ball around a of radius r.
e B(a,r) ={z € X | d(z,a) <r}: the closed ball around a of radius r.
o B(A,r) =U,ca Blz,r).

e B(Ar)= UweAE(x,T).

Further basic notation

e [=[0,1]={z € R|0 <z <1}: the unit interval.

e C(I): the Banach space consisting of all continuous functions from I to

R, with the supremum norm ||| (see Definition 1.1.1).

e D*f(x), Dif(x): the Dini derivatives of f € C(I) at z € I (see Defini-
tion 1.1.3).

e N(f): the set of all points in I that are not knot points of f € C(I) (see
Definition 1.1.5).

Conventions

Fonts

We shall normally use different fonts in accordance with the following rules:

e Lower case letters (a, b, ...): used to denote real numbers, functions,

and points of spaces.
e Upper case letters (A, B, ...): used to denote sets.

e Boldface letters (A, a, ...): used to denote sequences. A term of a
sequence is denoted by the corresponding normal letter accompanied

with a subscript. For example, the nth term of a sequence x is x,,.
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Notation

e Calligraphic letters (A, B, ...): used to denote families of subsets of a

set.

e Calligraphic letters (&7, %, ...): used to denote more complicated ob-

jects, such as families of subsets of a more complicated set.

Superscripts

Because the complexity of the proofs given in this thesis forces us to use many
indices, we shall often use superscripts as well as subscripts to denote indices
rather than exponents. Although we could use brackets as in a™ to guarantee
that m is not an exponent but an index, it would sharply decrease readability

with only a slight increase in clarity. We do use powers occasionally, but the

meaning will always be clear from the context.

Notation defined in Chapter 3

o L={K CI]|K is closed}.
e d: the Hausdorff metric (see Definition 3.1.1).

o KN={K = (K,) | K, €K for all n € N}.

UK,m,r) = {L € KN | d(K,, L,) <r for all n € [m]} for K € KV,

m € N, and r > 0.

K ={KeKk"|KiCKyC---}.

U (K,m,r)={L € K | d(K,, Ly) < 7 for all n € [m]} for K € KT,

m € N, and r» > 0.

F,: the family of all F, subsets of I.

Ki={KeKk"N U~ K,€F}for FCF,.



Notation

Notation used in Chapter 3 only

Definition 3.5.1

KeckN meN,re(0,1);
o B= {U(K,m,r) C KN| Ky, ..., K,, are pairwise disjoint finite Sets;}.
ifz,y € U, K, and z # y then |[z—y| > 3r
K cK, meN,re(0,1)
e B,= {U/(K,m,T)CICN/ K,, is finite; }
ifx,y € K,, and z # y then |[x—y| > 3r

Notation used in Chapter 4 only

Definition 4.3.1

Let f € C(I) and a > 0.
e N*(f,a)

={rel0,1 =27 f(y) — f(x) <aly—z) for all y € [x,x + 27%]}.

i N—i—(fva)
={ze€[0,1 =279 f(y) — f(x) > —a(y — z) for all y € [z,x + 27%]}.

e N~ (f,a)
={ze2791] | fly) — f(z) > aly — x) for all y € [x — 27, x]}.

e N_(f,a)
={ze2791]| fly) — f(z) < —a(y — x) for all y € [x — 27 x]}.

o N(f,a) = N*(f,a) UN_(f,a).
N(faa) :N-i-(fva)UNi(fva)'

o N(f,a)=N(f,a)UN(f,a) = N*(f,a)UN,(f,a)UN"(f,a) UN_(f,a).

For N(f,a), see Convention 4.3.2.

10



Notation

Definition 4.3.14

e For disjoint finite subsets H and H of I and positive numbers h and w, a
bump function of height h and width w located at H and H is a function
¢ € C1(I) with the following properties:

o [l =4;
o o(x)=hforall z € H and o(z) = —h for all z € H;
o {zel|px)>0}c B(H,w)and {x eI|p(x)<0}cC BH,w).

Definition 4.3.18

o If feCYI),0<a<b, and h > 0, the positive number u(f,a,b,h) is

chosen to have the following property:

Suppose that ¢ is a bump function of height h and width
w > 0 located at H and H , where H and H are disjoint finite
subsets of I satisfying B(H, ) = I. Then, setting g = f + ¢,
we have N(g,a) € N(f,b) N B(H,w).

Here B(H, ) = I means B(H, ;i) = I and B(H, p) = I, and N(g,a) C€ N(f,b)N

B(H,w) means N(g,a) C N(f,b) N B(H,w) and N(g,a) C N(f,b) N B(H,w).

Definition 4.4.5
o X ={ac(0,00)|a; <as<--+— oo}

oV ={6€(0,1)N]6>d> —0}

Z={neN|n;, >n;+jforall j € N}.

AT (n) = [nj]UUZigl{ni—l—l,...,ni—i-j— 1}, where n € Z and j,m € N

with 7 < m.

. ng‘?:n]qu forn € Z and k € Z,, so that n* € Z.

11



Notation

e formeZ decY, andkeZ,,

U K, C U B(Kn75m>

Fe(n,8) = ¢ K € K" | near nipam=—(nk) neAT ! (nk)

whenever 2 < j <m —1

o 7 (n,8) =y S(n,d) CKN, wherene Zand § €Y.

Definition 4.4.11

[ FOI']CEZ_;”

%, = {(K,f,n,é,a,b) e KN x O(I) ><Z><Y><X><X’
K € % (n,9d),
N(f,a;) C UneA;m(nk) B(K,,d,,) whenever j < m,
UneA?(n) K, C B(N(f,b;),6,,) whenever j < m }

o W =Uo% CKNXxCI)xZxY x X xX.

o 2 =pr% C KN x C(I), where pr: KNx C(I) x ZxY x X x X —
KN x C(I) is the projection.

12



Chapter 1

Introduction

1.1 History and background

In the study of real analysis, we often encounter an example contrary to an
intuition that one may bear at first thought. More interestingly, such an example
sometimes becomes a central object of study rather than just an unpleasant
counterexample best to be ignored.

We can say that the history of nowhere differentiable continuous functions
is one of such phenomena. Until the early nineteenth century, it was widely
believed that every continuous function was differentiable at ‘almost all’ points.
However, from around the middle of the century, several people began to dis-
cover examples of nowhere differentiable continuous functions. Furthermore,
Banach [Ba] and Mazurkiewicz [Ma] independently proved in 1931 that ‘most’
continuous functions are nowhere differentiable. Since then, many mathemati-
cians have been investigating properties of ‘most’ functions.

In the study of ‘most’ functions, we first have to make clear what ‘most’
means. Although a number of definitions have been invented, we shall use the
most classical notion, upon which the above-mentioned papers by Banach and

Mazurkiewicz are based.

Definition 1.1.1. We write / for the unit interval [0,1] = {z € R |0 <z < 1},

13



Chapter 1 1.1 History and background

and C(I) for the set of all continuous functions from I to R. It is well known

that C(I) is a Banach space under the supremum norm ||-|| defined by

1511 = supl )
for f e C(I).

In a topological space, Baire category provides us with an idea of ‘small’ sets.
Small sets in the sense of Baire category are said to be meagre, and sets whose
complements are meagre are said to be residual. Properties of ‘most’ functions

will be understood as those possessed by all functions in a residual subset of
C(I):
Definition 1.1.2. We say that a typical (or generic) function f € C'(I) has a

property P if the set of all f € C(I) with the property P is residual in C'(I).

As mentioned earlier, a typical function is nowhere differentiable, so its
derivative cannot be considered. In place of its derivative, we shall look at

its Dini derivatives:

Definition 1.1.3. Let f € C(I). We define

D f(x) = limsup M, D, f(z) = lim inf f) = f=)

ylx Yy— yla y—x
for x € [0,1), and
D~ f(z) = lim sup M7 D_ f(z) = liminf fly) — f(z)
ylz y—x ylz y—x

for € (0,1]. They are called the Dini derivatives of f at x.

The oldest result about the behaviour of the Dini derivatives of a typical

continuous is the following theorem by Jarnik [Ja:

Theorem 1.1.4 ([Ja]). A typical function f € C(I) has the property that
D f(x) = D f(x) =00, Dy f(x) = D_f(x) = —o0

for almost every z € (0,1).

14



Chapter 1 1.2 Structure of this thesis

This theorem leads us to the following definition:

Definition 1.1.5. We say that a point « € I is a knot point of f € C(I) if
e € (0,1), D" f(x) = D™ f(x) = 00, and D, f(x) = D_f(x) = —o0; or
e £ =0, D" f(x) =00, and D, f(x) = —o0; or

e =1, D f(x) =00, and D_f(x) = —oc0.

For f € C(I), we write N(f) for the set of all points in I that are not knot

points of f.

Theorem 1.1.4 means that a typical function f € C(I) has the property that
N(f) is Lebesgue null, i.e. small from the measure-theoretic viewpoint. It is
natural to ask in what sense of smallness it is true that a typical function has
the property that N(f) is small. Preiss and Zajicek answered this question in
unpublished work [PZ] by giving a necessary and sufficient condition for a o-ideal
7 (a family of ‘small” sets; see Remark 2.1.3 for its definition) to satisfy that a
typical function f € C(I) has the property that N(f) € Z (see Theorem 4.1.1 for
the precise statement). The purpose of this thesis is to generalise this theorem
by giving a necessary and sufficient condition for an arbitrary family S of subsets
of I to satisfy that a typical function f € C(I) has the property that N(f) € S
(see Theorem 4.1.2 for the precise statement). The theorem has been established

by Preiss and the author, and will be written in [PS].

1.2 Structure of this thesis

We first review in Chapter 2 some standard definitions and facts that will be
used in subsequent chapters. A more detailed exposition and complete proofs
can be found in [Ke].

Chapter 3 discusses residuality of families of F, sets and proves that two
natural definitions of residuality are the same. The residuality will be used to

state the main theorem of this thesis.

15



Chapter 1 1.2 Structure of this thesis

In Chapter 4 we state and prove our main theorem. Because of the high
complexity with which the proof is written, the author decided to devote the
last section of Chapter 4 to the outline of the proof that he believes helps the
reader to understand where the technical difficulties lie, though it is logically

not part of the proof.

16



Chapter 2

Preliminaries

2.1 Baire category

Definition 2.1.1. Let X be a topological space and A a subset of X.

(1) We say that A is nowhere dense if Int A = ().

(2) We say that A is meagre if A can be expressed as a countable union of

nowhere dense subsets of X.
(3) We say that A is residual (or comeagre) if A° is meagre.
Remark 2.1.2. Some people refer to meagre sets and nonmeagre sets as sets
of first category and of second category respectively, which is why we call this
concept Baire category. However, since the term category is used to mean a

completely different notion in many areas of mathematics, we shall stick to the

terms in Definition 2.1.1.

Remark 2.1.3. It is easy to see that the family Z of all meagre subsets of a

topological space X is a o-ideal, i.e. Z has the following properties:

(1) 0 eZ;
(2) it A€ Z and B C A, then B € T;

(3) if A, € Z for all n € N, then |J~ | A, € T.

17



Chapter 2 2.1 DBaire category

Baire category gives a formulation of ‘small’ sets in topological spaces, but
does not work very well for all topological spaces; for example, the whole space is

meagre in Q. Spaces in which the concept is meaningful are called Baire spaces:

Definition 2.1.4. A Baire space is a topological space in which no nonempty

open set is meagre.

Remark 2.1.5. (1) Saying that no nonempty open set is meagre is equivalent

to saying that every residual set is dense.

(2) A set A is residual if and only if there exist open dense sets U, with
ﬂ;’ozl U, C A. In a Baire space, it is also equivalent to the condition that

A contains a dense Gy set.

(3) In a nonempty Baire space, no set is both meagre and residual because

the whole space is not meagre.

Complete metric spaces are important examples of Baire spaces:

Theorem 2.1.6 (Baire Category Theorem). Every complete metric space

is a Baire space.

Proof. Let (X,d) be a complete metric space, and suppose that a nonempty
open subset U of X is meagre. Then we may find nowhere dense subsets A, of
XwithU=_, A

We inductively define a sequence (z,,) of points in X and a sequence (r,,) of
positive numbers. Since A; is nowhere dense, we find that U\ A4, is a nonempty
open set, and so there exist z; € X and r; > 0 such that B(zy,2r;) C U\ A;.
Suppose that x,, and r,, have been defined. Since A,,;; is nowhere dense, we find
that B(xp, ) \ Any1 is a nonempty open set, and so there exist x,,,; € X and
Tny1 > 0 such that B(2p41,2rm41) C B(@n, ) \ Apgr and 7,41 < 7,,/2.

Note that d(x,, z,.11) < r, for every n € N. Therefore, if m < n, then

[y

n—

1 —1
d<xmyxn) < d<xkaxk+l Z —(k= m)rm < 27’m'
m k=m

n—

Bl
]
3

18



Chapter 2 2.2 Banach-Mazur game

It follows that (x,) is a Cauchy sequence, and so it is convergent, say to x.
The inequality shown above implies that d(zx,,,z) < 2r,, for all m € N. Hence
the point = belongs to U but does not belong to any A,,, which contradicts the
choice of A,,. |

2.2 Banach-Mazur game

Definition 2.2.1 (Banach-Mazur game). Let X be a topological space, S
a subset of X, and A a family of subsets of X. Suppose that every set in A
has nonempty interior and that every nonempty open subset of X contains a set
in A. The (X, S, A)-Banach-Mazur game is described as follows. Two players,
called Player I and Player II, alternately choose a set in A with the restriction
that each player must choose a subset of the set chosen by the other player in
the previous turn. Player II will win if the intersection of all the sets chosen by

the players is contained in S; otherwise Player I will win.

Remark 2.2.2. Let A, and B, be the sets chosen in the nth round by Players I

and II respectively. The rule demands that
AlDBlDAQDBQD"',

which implies that the intersection we look at is the same as both (72, A, and

Mazi Bn-

Example 2.2.3. The two conditions imposed on 4 in Definition 2.2.1 might
seem slightly intricate. We should first note that they are fulfilled if A is the
family of all nonempty open subsets of X. In fact, we may assume that A is this
family when we consider which player has a winning strategy (Theorem 2.2.4).
However, when we play the game in concrete spaces, it is often technically
convenient to take other families as A, which is why we allowed other families

in Definition 2.2.1. We give some examples of families satisfying the conditions:
e A is an open base for X such that () ¢ A;

19



Chapter 2 2.2 Banach-Mazur game

e X is a metric space and A is the family of all open balls;
e X is a metric space and A is the family of all closed balls;

e X is a metric space, D is a dense subset of X, and A is the family of all

open balls whose centres belong to D.

There is an easy criterion for deciding whether Player I has a winning strat-

egy in the Banach-Mazur game:

Theorem 2.2.4 ([Ox, Theorem 1]). The (X, S, A)-Banach-Mazur game ad-
mits a winning strategy for Player II if and only if S is residual in X.

Proof. Firstly, assuming that S is residual in X, we shall give a winning strategy
for Player II. We may take open dense subsets U,, of X with ()~ U, C S. Let
A, € A be the set chosen by Player I in the nth round. Since Int A4, is a
nonempty open set, its intersection with U, is also a nonempty open set. It
follows that there exists B,, € A with B,, C Int A, N U,. Player II will choose
B,, as her nth move. Note that this move is legal because B,, C Int A,, C A,. If

Player II adopts this strategy, then

ﬁ B, C ﬁ U, CS,
n=1 n=1

which implies that Player II wins.

Conversely, suppose that Player II has a winning strategy. For each n € N,
let 2, denote the set of all (Ay, By,...,A,, B,) € A®" such that, for every
J € [n], the strategy tells Player II to reply B; when the first j moves of Player I
are Ay, ..., Aj.

We shall inductively construct %, and %, with %, C %, C %, using Zorn’s
lemma. Firstly, we set 27 = 27 and take a maximal subset %7 of 2 such that
if (A1, By) and (A}, B}]) are distinct elements of %4, then Int B; N Int B = 0.
When %, has been defined, we set

%H—l = {(AlyBla < 7An+lan+1) € %1—&-1 ’ (AlaBla' .. aAnaBn) € %}

20



Chapter 2 2.2 Banach-Mazur game

and take a maximal subset %}, of 2, such that if (Ay, By,..., Ans1, Bui1)
and (A}, B},..., A, B,.,) are distinct elements of %, then Int B, N
Int B),,, = (. Note that for every (Ai,B,...,A,, B,) € 2, there exists
(A}, By, ..., Al Bl € %, with Int B, N'Int B!, # 0, because if such an element
does not exist, then the maximality of ¢, implies that (A;, By, ..., A,, B,) be-
longs to %, in which case, setting (A}, B, ..., A, Bl) = (A1, By, ..., An, By),
we have Int B, N Int B/, = Int B,, # ), a contradiction.
Set
U, = 1T Int B,,.

(AlvBl ----- AruBn)e%z

for each n € N. Obviously U, is open for every n € N. We shall inductively
show that U, is dense for every n € N. Let U be an arbitrary nonempty open
subset of X. We need to prove that U N U, # ) for every n € N. We may take
A; € A contained in U and By € A with (A1, By) € 27 = Z7. Then there
exists (A}, B}) € % with Int B; N Int B} # (), which implies that

UNU; D By NInt B # 0.

Assume that we have proved that U NU, # (. It means that there exists
(A1, By,..., A, B,) € %, such that U NInt B, # (). We may take A,,; € A
contained in U N Int B,, and B4, € A with (A1, By,..., Ant1, But1) € Znia-
Since (A1, By, ..., Ani1, Bug1) € 2541, there exists (A}, By, ..., A, Bl.|) €
%1 with Int B,y N Int B), ; # (), which implies that

UNUps1 D By NInt By, # 0.

Having shown that U, is open dense for every n € N, we only need to prove
that ()_, U, C S. Let x € ()~ U,. For each n € N, there exists a unique
(A}, BY, ..., A" B") € %, such that « € Int B]'. For every n € N, since

z € Int BMf! C Int B!
and (A}t BPT L AL Bt € 9 the uniqueness shows that
(AT, BY,.... Ap, By) = (A7 By, ART B,

21



Chapter 2 2.3 Analytic sets and Baire property

It follows that neither A7 nor B} depends on n, so we have found a sequence
(A, By, Ay, B, ...) € A¥ such that (A}, By,...,A,, B,) € %, and z € Int B,
for all n € N. Because (Ay, By,...,A,, B,) € Z, for all n € N and Player 11 is
adopting a winning strategy, we find that (), B,, C S, which implies that

x € ﬁlntBnC ﬁBnCS.
n=1 n=1

Remark 2.2.5. Later in this thesis, we shall show residuality by constructing a
winning strategy of a Banach-Mazur game. As the proof shows, it is much more
difficult to prove that the existence of a winning strategy implies the residuality
than its converse. It means that constructing a winning strategy is easier than

verifying residuality directly.

2.3 Analytic sets and Baire property

Definition 2.3.1. A Polish space is a topological space that is second countable

and completely metrisable.

Example 2.3.2. Among the easiest examples of Polish spaces are R, I, and N.
The open intervals (0, 1) and (0, 00), where the Euclidean metric is not complete,
are also Polish because they are homeomorphic to R. To observe that C(1) is
Polish, we need to note that the polynomial functions with rational coefficients
form a dense subset of C'(I).

Every compact metric space is second countable and therefore is Polish.

Proposition 2.3.3 ([Ke, Proposition 3.3 and Theorem 3.11]). (1) The
product of countably many Polish spaces is always Polish.
(2) Every Gs subset of a Polish space is Polish.
Definition 2.3.4. Let X be a Polish space. A subset A of X is said to be

analytic if there exist a Polish space Y and a Borel subset B of X XY such that

A = pr B, where pr denotes the projection from X x Y to X.
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Chapter 2 2.3 Analytic sets and Baire property

Proposition 2.3.5. (1) Every Borel subset of a Polish space is analytic.

(2) The family of all analytic subsets of a Polish space is closed under taking

countable unions and countable intersections.

(3) If X and Y are Polish spaces and f: X — Y is continuous, then f(A) is
analytic for every analytic subset A of X.

Proof. If X is a Polish space and B is a Borel subset of X, then B x X is a
Borel subset of X x X whose projection to the first coordinate is B, so B is
analytic. This proves (1); see Proposition 14.4 of [Ke] for (2) and (3) (we also

need Exercise 14.3 because the definition of analytic sets is slightly different in

Ke)). i

Definition 2.3.6. Let X be a topological space. A subset A of X is said to
have the Baire property if there exist an open subset U of X and a meagre subset

M of X such that A=U A M.

Proposition 2.3.7 ([Ke, Proposition 8.22]). Let X be a topological space.
Then the family of all subsets of X with the Baire property is a o-algebra on
X.

Theorem 2.3.8 ([Ke, Theorem 21.6]). Let X be a Polish space. Then every

analytic subset of X has the Baire property.
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Baire category in families of sets

of the first class

3.1 Hausdorff metric

3.1.1 The space K

Definition 3.1.1. We write K for the set of all closed (or equivalently compact)
subsets of I. The Hausdorff metric d on K is defined by

d(K,L)=1inf{r >0 | B(K,r) D L, B(L,r) D K}
if neither K nor L is empty and by

1 if exactly one of K and L is empty;
d(K,L) =

0 if both K and L are empty.
Remark 3.1.2. For K, L € K and r € (0,1),

e d(K,L) <rifandonlyif K C B(L,r) and L C B(K,r);

e d(K,L) <rif and only if K C B(L,r) and L C B(K,7)

even when either K or L is empty.
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Chapter 3 3.1 Hausdorff metric

Proposition 3.1.3. The space K equipped with the Hausdorff metric is com-

pact and therefore is Polish.
Proof. See Theorem 4.26 of [Ke]. |

Proposition 3.1.4 ([Ke, Exercise 4.29]). (1) The set {(z,K) € I x K |
x € K} is closed in I x K.

(2) The set {(K,L) € K* | K C L} is closed in K2

(3) The map K" — K; (Ky,...,K,) — Uj_, K is continuous for every

n € N.

3.1.2 The product space KV

Definition 3.1.5. We denote by KN the set of all sequences of members of I,

and equip it with the product topology.
Proposition 3.1.6. The space KV is a compact metrisable space.

Proof. Use Proposition 3.1.3 and invoke the fact that compactness and metris-

ability are closed under taking countable products. i
Definition 3.1.7. For K € KN, m € N, and r > 0, we set
UK, m,r)={L c K" | d(K,, L,) <r for all n € [m]}.

Remark 3.1.8. Observe that U(K,m,r) is a closed subset of KN with nonempty
interior for every K € KN, m € N, and r > 0. It follows from the definition of
the product topology that for every K € KN and every open neighbourhood %
of K, there exist m € N and r > 0 satisfying U(K,m,r) C % .
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3.1.3 The subspace ICN/

Definition 3.1.9. We denote by ICI} the subset of KN consisting of all increasing

sequences:

Kl ={KeK'|KiCcK,C--},

and equip it with the relative topology.

Proposition 3.1.10. The subset ICN/ is closed in KN, and so it is a compact

metrisable space.
Proof. Observe that

K= ({K € K" | K, C Kpia}

n=1

and use Proposition 3.1.4 (2). |
Definition 3.1.11. For K € K., m € N, and r > 0, we set
U (K,m,r)={L € K% | d(K,, L,) <r for all n € [m]}.

Remark 3.1.12. Observe that U -(K,m,r) is a closed subset of K. with
nonempty interior for every K € K%, m € N, and r > 0. It follows from
Remark 3.1.8 and the definition of the relative topology that for every K &€ /CN/
and every open neighbourhood % of K, there exist m € N and r > 0 satisfying

U (K,m,r)C%.

3.2 Residuality of families of F) sets

Definition 3.2.1. We write F, for the family of all F,, subsets of I.
Definition 3.2.2. For a subfamily F of F,, we put

s

n=1

Kﬁz{KeICN

We say that F is residual if K7} is residual in KN and that F is “-residual if
K% N K is residual in KT,
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Chapter 3 3.3 Residuality of o-ideals of F, sets

The following is our main theorem in this chapter and asserts that these two

notions of residuality are the same:

Theorem 3.2.3 (Main Theorem in Chapter 3). A subfamily F of F, is

residual if and only if it is /'-residual.
The proof of this theorem will be given in Section 3.5.

Remark 3.2.4. Theorem 3.2.3 remains true if we replace I by a compact dense-

in-itself metric space; the same proof works.

3.3 Residuality of o-ideals of F sets

Lemma 3.3.1. Let X andY be topological spaces and suppose that X is second
countable. If A is a residual subset of X x Y, then

{yeY |{zeX|(z,y) € A} is residual}
is residual.

Proof. We may assume that X is nonempty, and we take a countable base
{Up}nen for X such that U, # 0 for all n € N. Since A is residual, we may
take open dense subsets G,,, of X x Y such that (-_, G,, C A. For m,n € N,
write V,,, for the projection of G, N (U, xY) to Y. Every V,,, is open because
the projection is an open map. Moreover, every V,,, is dense because if O is
a nonempty open subset of Y, then the nonempty open set U, x O meets the
dense set G,,,, which means that V},, NO # (. Therefore ﬂ:fn

We now only need to show that if y € ()7 _, Vipn, then {z € X | (x,y) € A}

m,n=1

1 Vinn 1s residual.

is residual. The set {x € X | (z,y) € G,,} is open because so is G,,; it is dense
because it meets every U,, by the assumption on y. Hence the result follows from

the observation that

(M{z € X | (2,y) € Gu} C{z € X | (z,y) € A}.

m=1 I
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Remark 3.3.2. The foregoing lemma is part of the Kuratowski-Ulam theorem:;

see Theorem 8.41 of [Ke] for the whole theorem.

Lemma 3.3.3. Let X be a second countable topological space and Y a nonempty
Baire space. Then a subset A of X is residual if and only if A XY is residual in

X xY.

Proof. Suppose first that A x Y is residual. Then since Y is a nonempty Baire
space, Lemma 3.3.1 shows that {x € X | (z,y) € A x Y} is residual for some
y € Y. It means that A is residual.

Conversely, suppose that A is residual. Take open dense subsets G, of X
such that ()~ G,, C A. Then G, xY is open dense and ()~ (G, xY) C AxY,

from which we may conclude that A x Y is residual. i

Proposition 3.3.4. If T is a o-ideal on I, then T N K is residual in K if and
only if T N F, is residual in F,.

Proof. Since 7 is a o-ideal, we have

{KEICN

UKnGI}:{KEKN]KneIforeverynEN}

n=1

:ﬂ(le---xICx(IﬂIC)xICxICx---).
n=1

n — 1 times

Therefore Z N F, is residual in F, if and only if (ZNK) x I x I x - - - is residual
in V. Lemma 3.3.3 shows that the latter condition is equivalent to Z N X being

residual in K. This proves the required equivalency. i

3.4 Universal sets

Definition 3.4.1. Let X be a Polish space. We say that a subset A of I x X

is X -universal for F, if it has the following properties:

e Aisan F, subset of [ x X;
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e a subset I of I is F, if and only if FF = {t € I | (t,z) € A} for some
reX.

Remark 3.4.2. For every uncountable Polish space X, there exists an X-

universal set for F, (see [Ke, Exercise 22.6]).

If A is X-universal for F,, then it is natural to define residuality of families

of F, sets by declaring that F C F, is residual if
{zreX|{tel|(ta)ec A} eF}

is residual. Observe from the following proposition that our definitions of resid-
uality and -residuality (Definition 3.2.2) are special cases of this definition of

residuality:

Proposition 3.4.3. The sets

T € UKn}, {(K,x) ekl xT

n=1

{(K,x) e KN x I

xe['an}

n=1

are KN- and ICN/—universal for F, respectively.

Proof. We shall prove the ICN-universality of the former set only; the same rea-

soning applies to the latter set as well. Denote the set by 7. Since

dz@{(K,x)EICNxHxEKn}

n=1
and each set {(K,z) € KN x I | z € K,} is the inverse image of the closed
set {(K,z) € Kx I | x € K} (Proposition 3.1.4 (1)) under the projection
KNxI — KxI; (K,z) — (K,,z), we find that & is F,. The other

requirement for 2/ to be universal follows from the definition of F, sets. i

Therefore Theorem 3.2.3 means that these two universal sets yield the same
residuality. However, as the following two propositions show, it is not true that

all universal sets give rise to the same residuality:
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Proposition 3.4.4 ([Ke, Exercise 23.21]). The set

{(f,x) €O < I | inf fu(a) > o}

is C'(I)N-universal for F,.

Proposition 3.4.5. Let F be a subfamily F of F,. Then

{f e oY inf fu(2) > o} c ]-"}

is residual if and only if ) € F.

{xe[

Proof. Define
— N | —
sz—{fGC(]) ‘;%gfn(x)— ooforalla:E[}.

We first show that the residuality of .7 implies the proposition. So suppose for

the moment that &7 is residual, and write
df—{feC(I)N irellf\]fn(l')>0} e]-“}

for F C F,. Note that {z € I | inf,en fu(z) > 0} = 0 for every f € .

{xE[

Therefore, if F C F, has () as its element, then &/ contains .« and so it is
residual. Conversely, if @/ is residual, then @/ N o7 is nonempty; we take an
element f of o/ N o/ to conclude that ) = {z € I | inf, ey fu(z) > 0} € F.

We now turn to the proof that < is residual. For ¢t € R, let o7 denote
the set of all f € C(I)Y such that max,es f,(z) < t for some n € N. Since
A D ﬂte(@ 7, it suffices to show that each .o is open dense.

The density of <7 follows from the fact that it contains all sequences in C(I)N
of whose terms at least one is the constant function ¢ — 1. To prove that <7
is open, it is enough to show that for every n € N the set of all f € C(I)N
satisfying max,e; f(x) < t is open. This follows from the observation that this
set is the inverse image of the open interval (—oo,t) under the composite of the
projection C(I)Y — C(I); f — f, and the continuous function C(I) — R;

f +—— max,¢s f(z), whose continuity follows from the inequality
_ < _
max f(z) —maxg(z)| < [|f 4|

for f,g € C(I). |
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Chapter 3 3.5 Proof of Theorem 3.2.3

3.5 Proof of Theorem 3.2.3

We shall prove Theorem 3.2.3 in this section, throughout which we fix an arbi-
trary subfamily F of F,. The terms, symbols, and conventions introduced in

this section are valid within this section only.

3.5.1 Games we consider here

Definition 3.5.1. Let B denote the family of all subsets of KN that can be
written as U(K,m,r) for some K € KN, m € N, and r € (0,1) such that K,
..., K, are pairwise disjoint finite sets and any two distinct points in |J; K,
have distance at least 3r.

Let B denote the family of all subsets of ICN/ that can be written as
U -(K,m,r) for some K € K., m € N, and r € (0,1) such that K, is fi-

nite and any two distinct points in K, have distance at least 3r.

Remark 3.5.2. Whenever we write U (K, m, T) € Bor U/(K,m, r) € B, we

understand that K, m, and r satisfy the conditions in Definition 3.5.1.

Remark 3.5.3. Let U(K,a,r),U(L,b,s) € B. It is easy to observe that if
K =L, a >b, and r < s, then U(K,a,r) C U(L,b,s). The same is true
for B ». Note that U(K, a,r) C U(L,b, s) does not imply r < s; for example,
consider the case where K7 = {0}, L; = {0.1}, a=b=1,7r=0.2, and s = 0.1.

Definition 3.5.4. By the game we mean the (KN, KL, B)-Banach-Mazur game,

and by the -game we mean the (K7, K3t N K., B »)-Banach-Mazur game.

Lemma 3.5.5. Theorem 3.2.3 is equivalent to the assertion that the game ad-

mits a winning strategy for Player II if and only if the /-game does.

Proof. Immediate from Theorem 2.2.4. i
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Chapter 3 3.5 Proof of Theorem 3.2.3

3.5.2 OQOutline of the proof

We outline the proof that if the -game admits a winning strategy for Player II,
then so does the game. Figure 3.1 illustrates this, and Figure 3.2 helps us to
imagine the outline of the proof of the other implication.

Suppose that Player I has chosen U(K", a', ') € B as his first move. Player I1
transfers it to a certain set, say U/(f(l, a',7') € B », in the /-game. Then the
winning strategy for the -game tells Player II to take a set U (L', b, s') €
B -, which she transfers to get her real reply U(i1,51,§1) € B in the game.
In a similar manner, after Player I replies U(K?, a?,r?) € B, Player II obtains
UK a2 € B,, U (L2, s%) € B, and U(L",1%,8%) € B. Player II
continues this strategy.

Since KM and KT are both compact, in either game the intersection of the
closed sets chosen by the players is nonempty. By modifying the winning strategy
for the -game, we will assume that b™ > a™ and s™ < 7™ for all m € N and
that lim,,_., b™ = oo and lim,,_, s™ = 0, so that the intersection in the -
game will be a singleton. Furthermore, since the transfers will be executed in
such a way that bm > b™ and §™ < ¢™ for all m € N, the intersection in the

game will also be a singleton. It means that we may write

U(K™ o™ r™) = (UL",b",5") = {P},
m=1 m=1
(UAK", a7 = (U AL b",s™) ={Q}.
m=1 m=1
Observe that
lim K™ = lim L™ = P,, lim K™= lim L™ =Q,

for all n € N.

In order to prove that this strategy for Player II in the game is winning, we
will need to check that P € K. Since Player II follows the winning strategy in
the -game, we know that Q € KX N ICI>. Therefore it will be enough to show

that ;2 P = Uply @n-
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game /'-game
Player I. U(K' a',r!) — U/(Kl, a', )
Player II. U(L ,b',5) «— U (L', b, s")
Player I:  U(K?a21?) — U (K" a, )
Player II.  U(L",0%,3) «— U (L*1? 5%

D strategy

strategy

! l
p Q

Figure 3.1: Winning strategy for the -game induces one for the game

game /-game
: (L i st 77 171 1
Player I: strategygi](L bt s — i]/({/;b ,sY)
Player II: U(K17a1’7«1) _ U/(K Jal, i)
—, =2 = _
P1 I: L~ b2 352 L2 12 §2
ayer Strategygi—]( 7b S ) — i-]/'(~ 7b , S )
Player II: UK? a%r?) — UK a% )
! !
P Q

Figure 3.2: Winning strategy for the game induces one for the -game
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3.5.3 Details of the transfers
Conditions and definitions

A stage consists of two moves (one in the game and one in the ,-game) which
lie at the same height in Figures 3.1 and 3.2. When we describe the situation at
a fixed stage, we omit the integer m indicating the stage unless ambiguity may
be caused: for example, we write K, in place of K. This is not only for simpler
notation; we try to offer explanation of the transfers that will go in the proofs of
both implications, and this omission solves the problem that when we describe
the stage having, say K™, the previous stage can have L™ ! or L™ depending
on which implication we look at.

The transfers are executed so that the following conditions, written as (x)

afterwards, are fulfilled:

(1) @a>a,b>b,7<r/2 and § < s/2 (in fact, @ = a and b € {b,b+ 1});
(2) Ui, K C K, for n € [a], and U= L; C L, for n € [b);
(3) U, Ko = Kaand UL_, L, = L.

For z € U,_, K, = K, its affiliation (n1,n9) is the pair of the integer
ny € [a] with z € K,,, called the first affiliation of x, and the least integer
ny € [a] with © € K,,, called the second affiliation of x. We give a similar
definition for the points in Uizl L, = Ly: for z € Uizl L, = Ly, its affiliation
(n1,ns) is the pair of the integer ny € [b] with € L, , called the first affiliation
of x, and the least integer ny € [b] with x € L,,, called the second affiliation
of x. Strictly speaking, we should specify the stage at which the affiliations are
defined, because, for instance, it may be that Lj. N LZZL,/L, # () for distinct m and
m'. However, since we can easily guess the stage from the context, we choose

not to specify it in order to avoid complexity.

Remark 3.5.6. Condition (2) in (x) is equivalent to the condition that the first

affiliation is always greater than or equal to the second affiliation.
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Let us look at U(K,a,r) € B and U/(K,&, 7) € B at any stage except
the first one. We have U(L,b,5) € B and U (L,b,s) € B, at the previous
stage. Since U(K,a,r) C U(L,b,5), for each z € Uizl K, there exists a unique
Yy € Ui:l L, = L, satisfying |z — y| < §, where uniqueness follows from the
assumption that any two distinct points in Ui:l L, have distance at least 33.
This y is called the parent of z. Observe that if © € K,, then y € L,; that is
to say, = and y have the same first affiliation. We give a similar definition also
when we look at U (L,b,s) € B » and U(i,i), 5) € B: the parent of x € Lj is
the unique y € |J'_, K,, = K satisfying |z — y| < 7. Observe that if x € L,
then y € K,; that is to say, the second affiliation of y is less than or equal to
that of x. Note that x and y may have different second affiliations; for example,
if K, = Ko = {0}, a=2,7=02 L = {001}, Ly = {0.01,0.1}, b = 2, and
s = 0.001, then x = 0.1 has second affiliation 2, but its parent y = 0 has second
affiliation 1.

Transfers from the game to the -game

Given a move U(K ,a,r) € B, we shall construct its transfer U/(f(, a,7) € B .
If it is the first move of Player I, then we put @ = a, 7 = r/2, and K,, = U?Zl K;
for every n € N, and we can easily see that the conditions (x) are fulfilled. So
suppose otherwise. Then we already know U A(L,b,s) € B, and its transfer
U(L,b,3) € B, and we have U(K ,a,r) C U(L,b,3).

Put @ = a and 7 = min{s — 5,7/2}, and define K, = Uj—, K; for n > b.
For n < l~), we let f(n consist of those = € Uizl K,, whose parent has the second
affiliation at most n; then each x € Ui:l K,, will have the same affiliation as its

parent.

Claim 1. We have d(K,, L,) < 5 for n € [b].

Proof. Fix such an integer n.
Let © € K, and denote its affiliation by (n1,n5). Then the parent y of =

has affiliation (n1,n2) and so belongs to L,,. It follows from y € L,, C L,, and

35



Chapter 3 3.5 Proof of Theorem 3.2.3

|z —y| < & that x € B(L,, 3).

Conversely, let y € L, and denote its affiliation by (nj,n2). Then there
exists a point = € K,, with |z — y| < & because d(K,,, L,,) < 5. Since y is
the parent of x, the affiliation of z is (ny,ng). Therefore x € f(ng c K,, and so
y € B(K,, 3). |

We may deduce from this claim that U »(K,a,7) C U »(L,b, s) using the
triangle inequality and 7 + 5§ < s. Therefore U /(I~{ ,a,7) is a valid reply in the
/-game. It is easy to see that the conditions (x) are fulfilled.

Transfers from the -game to the game

Given a move U »(L,b,s) € B -, we shall construct its transfer U(L,b,3) € B.
If it is the first move of Player I, then we put b= b, § = s/2, and

(

I ifn>b+1.
\

(Remember that the sets L, for n > b = b do not have to be pairwise disjoint
or finite.) We can easily see that the conditions (%) are fulfilled in this case.
So suppose otherwise. Then we already know U(K,a,r) € B and its transfer
U/(K,&, 7) € B », and we have U »(L,b, s) C U/(f(,&, T).

Put b = b+ 1 and § = min{r — 7, s/2}, and define L, = L,_, for n > b.
We define L, for n < b by determining the first affiliation of each point in L, as
follows. Let x € L, and denote its second affiliation by ns. If ny > a, then the
first affiliation of = is ny. Suppose ny < a, and let y € f(m denote the parent of
x. If the second affiliation of y is no, then the first affiliation of x is the same as

that of y; otherwise the first affiliation of z is b.

Claim 2. We have d(L,, K,)) < 7 for n € [a].

Proof. Fix such an integer n.

36



Chapter 3 3.5 Proof of Theorem 3.2.3

Let z € L, and denote its parent by y. Then it follows that = and y have
the same affiliation, and so y € K,,. Hence we may infer from |z — y| < 7 that
v € B(K,,7).

Conversely, let y € K,, and denote its second affiliation by n,. Then there
exists a point x € L, with [z —y| < 7 because d(K,,, L,,) < 7. Since y is the
parent of x and has the same second affiliation as x, the first affiliation of x is

n. Therefore y € B(Ly,, 7). |

We may deduce from the claim that U(L, b, 5) € U(K, a,r) using the triangle
inequality and 7 + § < 7. Therefore U(L, b, 3) is a valid reply in the game. It is
easy to see that the conditions (x) are fulfilled.

3.5.4 ProofofJ P, =U."—,0Qn

We shall prove that | J -, P, = U, ; Qn, which will complete the proof of Theo-
rem 3.2.3 due to Lemma 3.5.5. Recall that lim,, .., K" = P, and lim,,, f(,T =
@, for every n € N.

In order to prove J,~, P, C U,_, @n, it is enough to show that (J;_, P; C Qx,
for every n € N. Since |Jj_, KJ" C K™ for all m € N, we obtain Ui P C Qn
by Proposition 3.1.4 (2), (3).

Now we shall prove |J72, @, C U 2, P,. Let z € | —, Qn, and denote
by n the least positive integer with z € ),,. Since it is easy to observe that
K" = f(lm for every m € N, which implies P, = @), we may assume that
n > 2. Because @, is closed and x ¢ Q),,_1, there exists r € (0, 1) satisfying
B(x,4r) N Q,_1 = 0, that is, v ¢ B(Q,_1,4r). Fix a positive integer m, such
that a™ > n, 7™ < r, and d(f(m

n—1

Qn_1) < r for every m > mgy. Observe that
z ¢ B(K™ ,,3r) for every m > my.

Set ko = [1/r]. For each k > ko, choose my, > myq satisfying d(K™, Q,) <
1/k for every m > my, and for each m > my, take yy, € [N(TT with |z —ygm| < 1/k

and let z, € f(,TO denote the unique point satisfying |yxm — 2km| < 7.

Claim 3. The two points yi,, and z,, have the same affiliation.
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Proof. By an ancestor of y,,, we mean a point that can be written as ‘the parent
of ... the parent of y,,.” Observe that z,, is an ancestor of yx,,. Indeed if we
denote by 2, the ancestor of g, in K, then

=1mo fmo

2+22

Ykm — 2| <77 + =2

and S0 |Zkm — 21,,| < 37™°, which implies zg,, = 2},
In order to prove our claim, it suffices to prove that the second affiliation
of the ancestor w € K™ of ym is n for every m’ € {myg,...,m}. We can see

lw — Yem| < 27 < 2r by the same reasoning as above. Therefore we have
1
lw — 2| < w = Yrm| + [Yem — 2| < 2r 4 - <3r.

It follows that the second affiliation of w cannot be less than n because = ¢

3r). |

B(K™

n—1

Note that all zj,, belong to the single finite set f(;;”o. We can choose 2z, € K
for k > kg inductively so that the set

{m > my | Zkgm = Zkoy - -+ » Zkm = 2k }

is infinite for any k& > ko. Then we take z € K" for which {k > ko | 2z = 2 } is
infinite, and put {k > ko | 21 = 2 } = {k1, ko, ... }, where k; < kg < ---. Since
the set

{m>my | 2kym = = 21ym = 2}

is infinite for every j € N, we may construct a strictly increasing sequence m/,
mb, ... of positive integers satisfying Zhymly = = !, = 2.

Let [ denote the first affiliation of z. Then the foregoing claim shows that
whenever ¢ < j, the first affiliation of Yo', 18 [, which implies that x belongs
to E(Klm;, 1/k;). For any i € N, since d(KZWQ, P)) < 1/k; for sufficiently large j,
we have z € B(P,2/k;). Hence x € (2, B(P;,2/k;) = P. This completes the

proof.
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Knot points of typical

continuous functions

4.1 Statement of the main theorem

Having defined the residuality of families of F, sets, we are now ready to state
the main theorem of this thesis. Recall that N(f) denotes the set of all points
in I that are not knot points of f € C(I) (see Definition 1.1.5), and that the
following theorem has been announced by Zajicek [Za] and proved by Preiss and

Zajicek [PZ):

Theorem 4.1.1 ([PZ], [Za, Theorem 2.5]). For a o-ideal Z on I, the follow-

ing are equivalent:

(1) a typical function f € C(I) has the property that N(f) € Z;

(2) TN K is residual in K.

Our main theorem is the following, established by Preiss and the author:

Theorem 4.1.2 (Main Theorem, [PS]). For a family S of subsets of I, the

following are equivalent:
(1) a typical function f € C(I) has the property that N(f) € S.
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Chapter 4 4.2 Basic properties of

(2) SN F, is residual in F,.

Observe that Theorem 4.1.2 generalises Theorem 4.1.1 due to Proposition 3.3.4.

4.2 Basic properties of K

Definition 4.2.1. Let Z denote the dense subset of KN consisting of all se-

quences whose terms are pairwise disjoint finite sets.

Lemma 4.2.2. If KL € K and r > 0 are such that K C B(L,r), then K C

B(L,r — ¢) for some ¢ > 0.

Proof. Suppose that K ¢ B(L,r —¢) for all € > 0, and take z,, € K\ B(L,r —
1/n) for each n € N. We may assume that z,, is convergent, say to z. Since
x € K C B(L,r), there exists y € L with |x — y| < r. By the choice of z,, we

have |z, —y| > r —1/n, and so |z — y| > r, which is a contradiction. |

Corollary 4.2.3. For every r > 0, the set {(K,L) € K? | K C B(L,r)} is open
in K2

Proof. Let (Ko, Ly) belong to the set, and take ¢ > 0 with Ky C B(Lg,7 —
€) using the previous lemma. If (K, L) € K? satisfies d(K, Ky) < &/2 and
d(L, Ly) < £/2, then

K C B(Ky,e/2) C B(Lo,7 —£/2) C B(L, 7).

This completes the proof. i
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Chapter 4 4.3 Basic properties of N(f,a)

4.3 Basic properties of N(f,a)

4.3.1 Definition of N(f, a)

Definition 4.3.1. For f € C(I) and a > 0, we define

N*(f,a) ={z €[0,1 =271 [ f(y) = f(z) < aly — ) for all y € [z, 2 +27]},
Ni(f,a) ={x (0,1 =27 [ fy) = f(2) = —a(y — x) for all y € [z, z + 27°]},
N™(f,a) ={z €27 1] [ f(y) = f(z) Z a(y — z) for all y € [z — 277, 2]},
N_(f,a) ={z € 27 1] [ f(y) — f(2) < —aly — z) for all y € [z — 27 4]},

N(f,a) = N"(f,a) UN_(f,a),
N(fva) = N+(f7a> UN?(fa(Z)v
N(f,a)=N(f,a)UN(f,a)

:N+(f,a)UN+(f,a)UN_(f,a)UN_(f,a).

Convention 4.3.2. We shall use the symbol N in a statement to mean that
the statement with N replaced by N and the statement with N replaced by N
are both true; for instance, by N(f,a) C N(g,b) we mean N(f,a) C N(g,b)
and N(f,b) € N(g,b).

Remark 4.3.3. The mean value theorem shows that
127" —27% < |a — b|log2 < |a — b
for all a,b > 0. This estimate will sometimes be used implicitly in this thesis.

Proposition 4.3.4. If f € C(I) and 0 < a1 < ay < --- — 00, then N(f) =
Unzy N (S an).

Proof. Trivial. i
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4.3.2 Descriptive properties of knot points

Proposition 4.3.5. For every f € C(I) and a > 0, the sets N*(f,a), N+(f,a),
N(f, a), and N(f,a) are all closed. Therefore N(f) is F, for every f € C(I).

Proof. Obviously it suffices to show that NT(f,a) is closed. Suppose that a
sequence x,, of points in N*(f,a) converges to a point z. Since x,, € [0,1—279]
for all n € N, we have z € [0,1 —27%]. Assume for a contradiction that f(y) —
f(z) > a(y—x) for some y € [z, x+27°]. By the continuity of f, we may assume
that y € (z,x + 27%). Then since z,, converges to x and f is continuous, there
exists n € N such that y € (z,,, z,, +27%) and f(y) — f(x,) > a(y — x,), which
contradicts x, belonging to N*(f,a). i

It is natural to ask whether N(f) being F, is the best possible result. Ob-
viously N(f) does belong to a lower descriptive class for some f € C(I); for
example, N(f) = I if f is differentiable. However, it turns out that N(f) is not
G5 for typical functions. We include its easy proof for completeness, though we

do not use this result afterwards.

Proposition 4.3.6. For a typical function f € C(I), the set N(f) is not G,
ie. N(f) is true F,.

Proof. By Theorem 1.1.4, it is enough to prove that N(f) is dense in [ for every
f € C(I) and that no dense null F, subset of I is Gy.

The former follows from the observation that for each nondegenerate closed
subinterval J of I, any point at which f restricted to J attains its maximum
must belong to N(f).

To show the latter, consider any dense null F, subset F' of I, and write
F = UZOZI F,, with closed sets F},. For every n, since F}, is null, it must have
empty interior, and so it must be nowhere dense. Hence F' is meagre. If F' were

(s, then F would be residual because F' is dense. Therefore F' is not Gj. i

By Proposition 4.3.5, we can restate our main theorem (Theorem 4.1.2) as

follows:
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Theorem 4.3.7 (Main Theorem). For a subfamily F of F,, the following
are equivalent:
(1) a typical function f € C(I) has the property that N(f) € F;

(2) F is residual.

4.3.3 Continuity of N(f, a)

Proposition 4.3.8. Suppose that 0 < a < b and € > 0. Then there exists
6 > 0 such that whenever f,g € C(I) satisfy ||f — g|| < &, we have N(f,a) C
B(N(g,b),e) and N(f,a) C B(N(g,b),e).

Proof. We may assume that ¢ < 27% — 27% without loss of generality. Choose
d > 0 with 6 < g(b —a)/2. We shall show that this § satisfies the required
condition. It suffices to prove that N*(f,a) C B(N*(g,b),¢).

Take any x € N*(f,a), and let yy € [z,2 4+ 27°] be a point at which the
continuous function y — ¢(y) — by defined on [z, x 4+ 2% attains its maximum.
It is enough to show that = < yg < z + ¢ and yo € N (g,b).

The definition of yo gives g(yo) — by > g(x) — bx, which implies

b(yo — =) < g(yo) — g(x) < f(yo) — f(x) + 26 < alyo — x) + 20

because z € N*(f,a) and yo € [z, x+279]. Tt follows that yo—z < 20/(b—a) < e.
With the aim of proving yo € N*(g,b), take any y € [yo, %0 + 27°]. Since

r<y<y<y+2l<artet+2t<ar+27°

the definition of yy again gives g(yo) — byo > g(y) — by, or equivalently g(y) —
9(yo) < b(y — yo). This completes the proof. |

4.3.4 Properties of continuously differentiable functions

Lemma 4.3.9. If f € C'(I) and 0 < a < b, then there exists § > (0 such that
B(N(f,a),0) C N(f,b).
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Proof. By symmetry, it suffices to show that B(NT(f,a),6) C N*(f,b) for some
§ > 0. Suppose that this is false. For each n € N, let §,, = (27% — 27°)/n and
take z,, € B(NT(f,a),8,) \ NT(f,b). We may assume that z,, converges, say to
x. Observe that

xem (NT(f,a),0, + |z — z,|) = N*(f,a).
Since

zn, € B(N*(f,a),6,) \ N*(f,b)
C B([0,1—27%,27* = 27") \ N*(f,b)
C[0,1=27"J\ N*(f,b),
we may take y, € (2, 1,+27°] with f(y,)— f(z,) > b(yn—x,). We may assume
that y,, converges, say to y. The continuity of f shows that f(y)—f(z) > b(y—=x),
whereas we have f(y) — f(x) < a(y — x) because z € N*(f,a) and x < y <

v+ 270 < o427 It follows that y = .

By the mean value theorem, we may take z, € (z,,y,) with

f(yn) = f(n)

"(2,) = > b.
f'(zn) —
Since both x,, and y,, converge to x, so does z,. The continuity of f’ shows that
f'(z) > b, which contradicts z € NT(f, a). |

Corollary 4.3.10. If f € C'(I) and 0 < a < b, then N(f,a) C Int N(f,b).

Proof. Immediate from Lemma 4.3.9. i

Proposition 4.3.11. Suppose that f € C'(I) and 0 < a < b. Then there exists
0 > 0 such that B(N(g,a),cS) C N(f,b) for every g € B(f,6).

Proof. Set ¢ = (a+b)/2, so that 0 < a < ¢ < b. By Lemma 4.3.9 we may find
e > 0 with B(N(f, c),2) C N(f,b), and by Proposition 4.3.8 we may find 7 > 0
such that N(g,a) C B(N(f, c),e) for all g € B(f,7). We set 6 = min{e,7}.
Then for every g € B(f,0), we have

B(N(g,a),8) € B(N(f,c),6 +¢) C B(N(f,c),2¢) C N(f,b). i

44



Chapter 4 4.3 Basic properties of N(f,a)

Lemma 4.3.12. Suppose that f € C*(I) and 0 < a < ¢ < b. Then there exists
e > 0 such that for each z € [0,1—-27%\NT(f,b), we may find y € (z+¢,r+27]

with f(y) — f(x) > c(y — z).

Proof. Suppose that the lemma is false. Then for each n € N, we may find
z, € [0,1 =279\ N*(f,b) such that f(y) — f(z,) < c(y — z,) for all y €
(2, +1/n, 2, +27%]. We may assume that x,, converges, say to x € [0,1—279] C
0,1 —27Y].

Firstly, we prove that f(y)— f(z) < c¢(y—=z) for all y € (x,2+27?). Fix such
y. For sufficiently large n, since y € (z,+1/n,z,+27°), we have f(y)— f(z,) <
c(y —x,) by the choice of z,,. Letting n — oo, we obtain f(y) — f(z) < ¢(y —x).

Now, it follows that f'(x) < ¢, and so f' < b in some neighbourhood of
z because f € C'(I). Take n € N so large that the interval [z,,z, + 1/n]
is contained in the neighbourhood. Then the mean value theorem shows that
fy)—f(z,) <bly—=x,) for all y € [x,,x,+1/n]. This, together with the choice

of x,, implies that z,, € N*(f,b), a contradiction. i

Proposition 4.3.13. Suppose that f € C'(I) and 0 < a < b. Then there exists
[ > 0 such that every set of one of the following forms contains an open interval

of length [:

(1) {y € [z,z+27 | f(y) — f(x) > aly —x)} for z € [0,1 = 27°) \ N*(f,b);

(2) {y € [z, +27 | f(y) — f(z) < —aly —x)} for x € [0,1 =27\ No.(f, b);

@) {yelz—27%a]| fly) — flz) <aly —x)} for x € 27, 1]\ N™(f,b);

(4) {yelz—27"a]| fly) — flx) > —aly — x)} for x € [27%, 1] \ N_(f, ).
Proof. Set ¢ = (a+b)/2 and choose & > 0 as in Lemma 4.3.12. Then take [ > 0
so that 1/2 < min{e, 2% — 27} and (||’ + a)i/2 < (c — a)e. We shall show

that this [ satisfies the required condition. By symmetry, we only need to look

at sets of the first form.

45



Chapter 4 4.3 Basic properties of N(f,a)

Let 2 € [0,1 — 279\ N*(f,b) and set

S={yelr,x+27| fly) - f(x) > aly — 2)}.
By the choice of ¢, we may find ¢t € (z + ¢,z +27°] with f(t) — f(z) > c(t — ).
It suffices to show that S contains the open interval (¢t —1/2,¢t +1/2). If y €
(t —1/2,t+1/2), then since
y>t—1/2>x+e—1/2>x,

y<t+1/2<ax+241/2<a+277

and
fly) = flz) —aly —2) = (fly) = () + (f(t) = f(z)) —aly — @)

> =|fly =t + et — ) —aly — )
=(c—a)(t —x) = [If'llly — t] — aly = 1)
> (c—a)(t —z) = ([IF' + a)ly — 1]
> (c—a)e = (Ilf'l +a)l/2
> 0,

it follows that y € S. i

4.3.5 Bump functions

Definition 4.3.14. Let H and H be disjoint finite subsets of I, and h and w
be positive numbers. A bump function of height h and width w located at H
and H is a function ¢ € C*(I) with the following properties:

o [lell =h;

e o(x)=hforall z € H and p(z) = —h for all z € H;

o {xel|yp(x)>0}CBH,w) and {z € I|¢(x) <0} c B(H,w).
Remark 4.3.15. If H, H, h, and w satisfy the conditions at the beginning

of the definition above, there exists a bump function of height h and width w

located at H and H.
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Proposition 4.3.16. Let f € C(I) and a > 0. Suppose that ¢ is a bump
function of height h > 0 and width w > 0 located at H and H, where H and H
are disjoint finite subsets of I. Then, setting g = f + ¢, we have HN N(f, a) C

N(g,a).

Proof. Tt suffices to show that HNN(f,a) C N(g,a). Let 2 € HON(f,a). Then
x € NT(f,a) UN_(f,a), and we may assume that x € N*(f,a) by symmetry.
We have = € [0,1 — 27%] by the definition of NT(f,a); if y € [z, z + 279, then

9(y) — g(x) = (f(y) + ¢(y)) = (f(x) + 1) < fly) = f(z) < aly —2).
It follows that z € N*(g,a). |

Proposition 4.3.17. Suppose that f € C'(I), 0 < a < b, and h > 0. Then

there exists > 0 with the following property:

Suppose that ¢ is a bump function of height h and width w > 0
located at H and H , where H and H are disjoint finite subsets
of I satisfying B(H,u) = I. Then, setting g = f + ¢, we have
N(g,a) € N(f,b) N B(H,w).

Proof. Choose [ > 0 as in Proposition 4.3.13. Take p > 0 so small that u < /2,
2p < 27 and 2u(]| f'|| +a) < h. We shall show that this u satisfies the required
condition. Let ¢ and g be as in the statement. By symmetry, it suffices to show
that N*(g,a) C N*(f,b) N B(H,w). Let z € N*(g,a).

Firstly, we show that z € NT(f,b). Assume, to derive a contradiction, that
x & NT(f,b). Then, since

r € N¥(g,a) \N7(f,0) C[0,1 =27\ N7(f,b),

the set {y € [z, +27% | f(y) — f(z) > a(y — =)} contains an open interval
of length I. Because B(H,1/2) D B(H, ;) = I, we may find y € H such that
y € [z, z+27% and f(y) — f(z) > a(y — x). Then

9(y) —g(@) = (f(y) + h) = (f(2) + ¢(x)) = f(y) — f(z) > aly — z),
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which contradicts the assumption that 2 € N*(g,a).
Secondly, we show that 2 € B(H,w). Because B(H,u) = I, we may find
y € [z, +2u) N H. Then

a(y —x) > g(y) — g(x) = (f(y) + h) = (f(2) + ¢(z))
> h—o(@) = fly— =)
which implies that
p(x) = h—(1fI +a)y —2) > h—2u(f'| +a) >0.
It follows that € B(H,w). |

Definition 4.3.18. If f € C'(I),0 < a < band h > 0, then u(f,a,b, h) denotes
a positive number p with the property in Proposition 4.3.17.

4.4 A topological zero-one law and a key propo-
sition
4.4.1 A topological zero-one law

Definition 4.4.1. Let X be a set. A subset A of X" is said to be invariant
under finite permutations if for every permutation ¢ on N that fixes all but

finitely many positive integers and for every € A, we have (z,(,)) € A.

Proposition 4.4.2 ([Ke, Theorem 8.46]). Let X be a Baire space and G
a group of homeomorphisms on X with the property that for every pair of
nonempty open subsets U and V' of X, there exists ¢ € G such that o(U)NV # ().
Suppose that a subset A of X has the Baire property and that p(A) = A for

every ¢ € G. Then A is either meagre or residual.

Remark 4.4.3. If G is a group of bijections on a set X and A is a subset of X,
then the condition that p(A) = A for all ¢ € G is equivalent to the condition
that p(A) C A for all p € G.
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Proposition 4.4.4. Let X be a Baire space and A a subset of X" that is
invariant under finite permutations and has the Baire property. Then A is

either meagre or residual.

Proof. Since the proposition is obvious if X = (), we may assume that X # ()
and take an element a € X.

For each permutation o on N, let ¢, be the homeomorphism on X" defined
by ¢o(x) = (Xo@m)) for € XN, Write G for the set of all ¢, where o is a
permutation that fixes all but finitely many positive integers. It is obvious that
G is a group. In the light of Proposition 4.4.2, it suffices to show that for every
pair of nonempty open subsets U and V of XV, there exists ¢ € G such that
e(U)NV £0.

Let U and V be nonempty open subsets of X. Take u € U and v € V, and
choose m € N so that « € U if x,, = u,, for all n € [m|, and ¢ € V if z,, = v,

for all n € [m]. Define a permutation o on N by setting
(
n+m forn € [m];

on)=<n—-m for n € [2m] \ [m];

n for n € N\ [2m].

\

Then o fixes all integers greater than 2m, and so ¢, € G. Moreover, ¢, satisfies

0o (U) NV #£ 0 because (uy, ..., U, V1y-- - Un,a,a,...) € U and
gog((ul,...,um,vl,...,vm,a,a,...)) = (U1, Uy Uy e ey U, @y Q. ) € VL

This completes the proof. i

4.4.2 Definition and basic properties of 2~

Definition 4.4.5. (1) We put

X={ac(0,00)"|a; <ay<---— o0},
Y={6c 0,16 >8> -0}

Z={neN"|n; 1y >n;+jforall j € N}.
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These are Polish spaces in the relative topology because they are Gs sub-
sets of the Polish spaces (0,00)Y, (0, 1), and N¥ respectively (see Propo-
sition 2.3.3 (2)).

(2) Forn € Z and j,m € N with j < m, we define a finite subset A7*(n) of N
by

m—1
AMm) =[] u | J{ni+1,... i+ — 1}
i=j
For n € Z and k € Z,, we define n* € Z by setting nf = njqy for j € N.

(3) Let n € Z and § € Y. For k € Z,, we define .#;(n,d) as the set of all
K € KN such that

U K, C U B(Km 5m)

nEAT (nF)\AT (nk) neAT ! (nk)

whenever 2 < j < m — 1. In addition we define . (n, d) = J,—, -%(n, 9).
Remark 4.4.6. To be precise, the definition of A7'(n) is as follows:

A(n) = ;] if j=1orj=m;
] UUS i+ 1, o+ — 1} if2<j<m—1.
Remark 4.4.7. For the reader’s convenience, we spell out A7'(n) for small j
and m, writing AT = A7T'(n) for simplicity:

(1) if j =1, then A" = [nq] for all m € N;

(2) lfj = 2, then A% = [ng], Ag = [nz + 1], A% = [TLQ + 1] U {Tlg + 1},
A5 = [ng+ 1] U {n3 + 1,n4 + 1} and so forth;

(3) if j = 3, then A3 = [n3], A3 = [n3 + 2], A3 = [n3 + 2] U {ny + 1,n4 + 2},
A =[ng+2]U{ns+ 1,04+ 2,n5 4+ 1,n5 + 2} and so forth.

Remark 4.4.8. Note that A7'(n) depends only on ny for k € [max{j,m — 1}};

in particular, A7'(n) = AT (n') if ny = n), for all k € [m].
Proposition 4.4.9. Letne Z, d €Y, and k € Z,.
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(1) [ny] = Ai(n) C A§+1(n) C A§+2(n) C --- for every j € N, and [n;] =
A"(n) C -+ C A(n) = [ngy] for every m € N. In particular, [n;] C
AT (n) C [n,] whenever j < m.

(2) A7 (n*) C A7(n*t) for all j,m € N with j < m.

(4) S(n,d) C Fi1(n,9).

Proof. (1) Immediate from the definition.

(2) We have

Aj (nk+1> k+1 U {nkJrl 4 1 N k+1 _'_,] 1}

]+1 U{nz+1+1 "ani'c—&—l +.]_1}

D[nf%—j—l]u U nF 1, nf 45 -1}
i=j+1

O L N
_ Am+1 k
= A7 (n").
(3) Immediate from the definition.
(4) Suppose that K € #;(n,d) and 2 < j < m — 1. Then we have

AP (M) N AP (M) = (P + L gt 4+ - 1)
={nf +1,... nF 45 -1}
m—+1 k m k
:Aj+(n)\Aj<n)7
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which, together with (2), implies that

U K, = U K,

REAT (nkH1)\ AT L (nk+1) nEATHL (nk)\ Am (nk)

C U B(Kn75m+1)

neA” | (nk)

C U B(Knv(sm)

nEAT Y (nk+1)

because 0,,11 < d,,. Hence we obtain K € .%41(n,d). |

Proposition 4.4.10. Letne€ Z, d €Y, and k € Z,. If K € .¥;(n,d), then

ﬂ U B(Kn,ém)CDKn

m=j neA( nk)

for all 7 € N.

Proof. By Proposition 4.4.9 (3), we may assume that & = 0. For simplicity
we write A" for A7'(n). Fix j € N and take any = € (_; UneA;n B(Kp, ).
Seeking a contradiction, suppose that = ¢ (J 7, K.

For each i € N, set A; = J_, A™ and L; = J,_, K,. Then we have

neA;

o0

x € ﬁ U B(Kn,ém) C mB(LWém) = Lj7
m=j

m=j ne A™
which allows us to define iy as the minimum ¢ € N with z € L;.

If o = 1, then A; = [n4] and = € L, = |JL, K,,, contradicting our assump-
tion that = ¢ |J7, K. Thus ig > 2.

For each m € N, take z,,, € |J K, with |z,, —z| < 1/m and choose k,, €

nGAio
A;, with z,,, € K,,. If there exists k € N such that k,, = k for infinitely many
m € N, then z = lim,, .o x,, € K}, contradicting our assumption; therefore
such k£ does not exist. Consequently, for each ¢ > iy, we may take m; € N with

km, ¢ Al , and we may assume that m;, < mj;,41 < --- — oo. Then for each
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i > 19 we have

Tm, € Ky, < | K_U U K.

neAlO\Azg = Z-i-lneAl \Al 1
0o
C U U Knvél U U B Kn751+1
=i+l neal-1, =it peal-t,
- U B(Ky, 6i+1) C B(Lig-1,0i41),
nEAiO—l

keeping in mind that K € .#,(n,d) and § € Y. It follows that

T € ﬂ B(Liy-1,0i+1 +1/m;) = Li; 1,

=10

which violates the minimality of ig. This completes the proof. i
Definition 4.4.11. For k € Z ., we define %}, as the set of all

(K, fn,0,a,b)c KNxC(I)xZxY xXxX
such that K € .%;(n,d) and

N(f.aj)c | B(Kn bm), U K.cB({(f,b).6m)

ne AT (nk) neAT(n)

whenever j < m. Set # = (J,-, % and write 2~ for the projection of # to
KN x C(I).

Remark 4.4.12. Note the difference between the subscripts of the two unions

above.
Proposition 4.4.13. We have %, C %, for all k € Z,.

Proof. Thanks to Proposition 4.4.9 (4), it suffices to prove that

U BE.om)c | B,

nEA;n'H(nk) ”EA;-"(nk_’_l)
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whenever K € KN, n € Z,§ €Y, and j < m. Proposition 4.4.9 (2) shows that

U BE.o> |J B,

nEA‘;”(nk+1) neA;”'H(nk)

D) U B(Kn>6m+1>

nEA?“Ll(nk)

because 0,;, > 1. |
Proposition 4.4.14. If (K, f) € 27, then J,—, K,, = N(f).

Proof. Taken € Z,d € Y, a,be€ X, and k € Z, so that (K, f,n,d,a,b) € %.
Firstly, we prove that | J -, K,, C N(f). Since

o)

Uka=) U s (500810 = N7

m=j nEAm

for every j € N, we have

oo Ny

UK UUKCUNﬁ N(f).

j=1n=1

Secondly, we prove that N(f) C |J,—, K,. For every j € N, the definition of
%, and Proposition 4.4.10 show that

N(f,a;) C (] U B, ) c | K.
m=j neAT( nk) n=1

It follows that

=JN(f.0;) € | Ka.
j=1 n=1

Lemma 4.4.15. Let n € Z, and suppose that a permutation o on N and k € N

satisfy o(n) = n for all n > ng. Then we have the following:
(1) A7"(n*) is invariant under o whenever j < m;

(2) U(A?<n)) C AEZE%T (n) whenever j < m.
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Proof. Note that every subset of N that contains [ny] is invariant under o.
(1) The assertion follows from the observation that

A7 (n) O [nf] = [nja] O [na]-

(2) If k < j, then A™(n) D [n;] D [nk] and so o(AT(n)) = AT (n). If
j < k < m, then o(A7(n)) C o(A7(n)) = A7'(n). If m < k, then
o (A7(n)) C o([nn]) € o([m]) =[] = Af(n). i

Proposition 4.4.16. If f € C(I), then {K € K" | (K, f) € 2} is invariant

under finite permutations.

Proof. Suppose that K belongs to the set and that ¢ is a permutation on N
that fixes all but finitely many positive integers. Define K’ € KN by setting
K], = K, for n € N. We need to prove that (K', f) € 2.

Taken € Z, 8 € Y, a,b € X, and k € Z, so that (K, f,n,d,a,b) € %.
By Proposition 4.4.13, we may assume that k is so large that o(n) = n for all
n > ng.

By Lemma 4.4.15 (1), it is easy to see that K’ € . (n, §) and that N(f,a;) C
UneA;”(nk) B(K],d,,) whenever j < m.

Now define b" € X by setting b = b;y for j € N. Then for j,m € N with
j < m, Lemma 4.4.15 (2) shows that

U K;z C U Kn C B(N(f7 bmax{j,k})> 5max{m,k})

m max{m,k
nEAJ ('n.) neAmax%j,k}}(n)

C B(N(f,b5),0m)

because bumax(jry < bjrr = b and dmaxfmp) < O
Hence we have shown that (K', f,n,d8,a,b) € %, from which it follows
that (K', f) € 2. |

Proposition 4.4.17. The set 2" is an analytic subset of KN x C(I).

95



Chapter 4 4.4 A topological zero-one law and a key proposition

Remark 4.4.18. For the following proof, tilde ~ does not have its usual meaning

and is not related to hat " or check ™ in the usual way.

Proof (of Proposition 4.4.17). Let pr: KNxC(I)x ZxY x X x X — KNxC(I)
be the projection. It suffices to prove that pr %, = pr%/, for every k € Z.,
because it will imply that
P :pr<u @> “Unts= U
k=0 k=0 k=0
from which it follows that 2" is analytic.

Let k € Z,. We only need to prove that pr Z;, C pr %, solet (K, f) € pr %,
be given. Taken € Z, § € Y, a,b € X with (K, f,n,d,a,b) € %}. Choosing
0’ €Y, ad b € X sothat &5 > §;, a; < ay, b > b; for all j € N, we shall show
that (K, f,n,d,a’,b') € %; it will imply that (K, f) € pr %, completing the
proof.

Firstly, we show that K € .#(n,d’). Fix any jo,mg € N with 2 < jy <
mo — 1. Take ¢ > 0 with € < 0;,,, — 0. Since (K, f,m,d,a,b) € % ., we may
find (K, f,n,8,a,b) € %, such that

° d(f(n,Kn) < ¢e/2for n € [npg1kl;
o 7, =n; for j € [my + k;
® < i, — Omy-
We write A7 = AT'(n*) and fl;" = A;”(ﬁk) for simplicity. Observe that
1[17]7;0 \A;;O_l _ A?jvgo \A;;O_l, A;};(i—ll _ A;rgfi—ll’

and that if n belongs to either of these sets, then d(k,, K,) < /2. Accordingly,
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we have

U x.c |J B#K.e2)= |J BE.,/?2)

mo mp—1 mo mp—1 amoy smo—1
nEAjO \Aj0 nGAjO \Ajo neAjO \Ajo

c |J BKEidm+e/2)= | B(Kndm +¢/2)

imo—1
neAjO,l neA

c |J BKnbm+e)c |J B(K.G,,).

mg—1
Jjo—1

mp—1
Jjo—1

mgp—1

nEAJO_l

neA

Hence we obtain K € .%(n,d).

Now what remains to be shown is that if jo < mg, then

N(f.d)c | BKn6,). U EK.cB(N(£.Y,),8,,)-

neAZl)O(nk) nEA;:;O(n)
Fix such jo and my, and take ¢ > 0 with e < 4, — . Since (K, f,n,8,a,b) €
%, we may find (K, f,n,8,a,b) € %, such that
o d(K,, K,) < /2 for n € [Nymyrx);

o 7, =n; for j € [my + k;

.
™
A\
3

|
§oq

/ ~ / 7.
aj, < aj, and b > bj;

N(f,a},) € B(N(f,a;).c/2) and N(f,b;,) C B(N(f,¥,,),e/2), which

Jo

can be established because of Proposition 4.3.8.

Observe that
mo(=ky _ Amo k mo(>\ . A™Mo

and that if n belongs to either of these sets, then d(K,, K,) < £/2. Accordingly,
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we have

N(f,d}) € B(N(f.a5,).e/2) € | B(Kn,dmy +2/2)

and

nEA;Z)O (RF)

U BEubdm+e/2)C | By om +0)

nEA;-gO (nk) nGA;r(:O (nk)

U B(KTL?(S;no)

nEA;r[;O (nk)

U K.c |J BE.e2)= |J BE.e/2)

nEA;-ZO (n)

mo mO ~
TLGA]-O () nEAjO ()

C B(N(f,b5),0my +¢/2) C B(N(f,,,),0mo +€)
C B(N(f,,,),0.,.). I

4.4.3 Key Proposition

We reduce the main theorem (Theorem 4.1.2 or equivalently Theorem 4.3.7) to

a proposition, which we shall refer to as Key Proposition.

Proposition 4.4.19 (Key Proposition). If &/ is a residual subset of KN,

then a typical function f € C(I) has the property that (K, f) € 2 for some

Ke .

The proof of the key proposition will be given in the next section; here we

only show that it implies the main theorem.

Proposition 4.4.20. The key proposition implies the main theorem. That is

to say, if the key proposition is true, then a subfamily F of F, is residual if and
only if N(f) € F for a typical function f € C(I).

Proof. Suppose first that F is residual. Then the key proposition applied to
o ={K € KN | |2, K, € F} tells us that a typical function f € C(I) has
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the property that (K, f) € 2 for some K € &, which implies that N(f) =
U,—, K, € F by Proposition 4.4.14.

Conversely, suppose that a typical function f € C(I) has the property that
N(f) € F. Then we may take a dense Gs subset G of C(I) contained in {f €
C(I) | N(f) € F}. Write « for the set of all K € KN such that (K, f) € 2 for
some f € G. Observe that & is invariant under finite permutations because it is
a union of sets invariant under finite permutations by Proposition 4.4.16. Since
4/ is the projection of 2" N (KN x G) to KN, Propositions 2.3.5 and 4.4.17 show
that &7 is analytic. It follows from Theorem 2.3.8 that <7 has the Baire property.
Therefore Proposition 4.4.4 implies that o7 is either meagre or residual. If o is
meagre, then the key proposition applied to .@7¢ and the residuality of G imply
that (K, f) € 2 for some f € G and K € &7¢, which contradicts the definition
of o/. Hence 7 is residual. This completes the proof because if K € 7, then
for some f € G we have |J,_, K,, = N(f) € F by Proposition 4.4.14. i

In terms of the Banach-Mazur game, we can rephrase the key proposition in

the following form:

Proposition 4.4.21 (Key Proposition). If &/ is a residual subset of K and
S={feC()|(K,f)e Z for some K € 4},

then the (C(I), S, B)-Banach-Mazur game admits a winning strategy for Player II,

where B is the family of all open balls in C(I) whose centres are C' functions.

4.5 Proof of the key proposition

This section will be devoted to the proof of the key proposition (Proposi-
tion 4.4.21). The reader may wish to look at the outline of the proof in Sec-

tion 4.6 before reading the detailed proof in the present section.
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4.5.1 Introduction to the strategy

Let ./ be a residual subset of KN, and take open dense subsets %, of KN for
m € N so that (\-_, %, C <. Define S as in Proposition 4.4.21.

We shall use two sequences of positive numbers a; and b;, and their cousins

a}”’k and b;”k The numbers a; are defined by a; = j for j € N, and the numbers

a;n’k, where j < m and k € [4], are chosen to satisfy

. — j71 j72 j73 j:4
ajp1=J+1>a;7 >a7 >a7” > a;

J+1,1
J

j+1,2

j+1,3
> a;

j+1,4
> a;

= a >Clj

—a; =]

(for example, a;,”vk = j + 276Gm+R)  The numbers b; are defined in the strategy,
each b; being determined in the jth round, and they satisfy b; < b;;; and
b; > j+ 2 for all j € N. As soon as each b; is determined, the numbers b;”’k for

m > j and k € [3] are chosen to satisfy

. j,1 7,2 7,3
JHEL<b —1<by <bp” <

N N R
J J J

—>bj

(for example, b?’k = b; — 27m+k)) Note that a;.n’k <j+1< b;-n/’k, for all j, m,
m', k, k.

The moves of Players I and IT in the mth round will be denoted by B( f,,, am)
and B(gm, Bm) respectively. By the rule of the game, the functions f,, and g,,
are all continuously differentiable. In the mth round, Player II will construct,
in addition to g, and (,,, the following: a positive number h,,, a positive
number ji,,, finite subsets INLZL of I, a sequence K™ € KN (and its partition
K" = IA(,T II _f(;”), a positive integer n,,, a positive number w,,, and a positive

number b, (as mentioned above). They will be chosen to satisfy a number of
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properties, but the following, written as (¥,,) afterwards, is essential to ensure

that the induction proceeds: if f € B(gm, Bm), then

o N(f,a]") € Upear BIKY, wn),

® UneA;ﬁf(xCB( (f, bm3> )a

o N(f.al"")n Unepnpan B(K[" wy,) =0
for every j € [m]. Here AT = AT'(n), where n = (n,,) is the sequence of
positive integers whose mth term will be defined in the mth round by Player II.
We must be careful exactly when A7 will be determined; it is true that the
whole sequence n will be determined only after the game is over, but since AT

depends only on ny for k € [max{j,m — 1}], we can use Ag” ONCE NMmax{jm—1} 1S

determined.

4.5.2 First round

Suppose that Player I has given his first move B(fi, aq).

Construction of hy, u;, L., K', ni, and w,

Take hy > 0 with hy < oy, and set puy = p(fi,a’ a” hy) (recall Defini-
tion 4.3.18). Put L. = I for every n € N. There exists K' € % N 2 such
that we may partition K] as K} = K} II K! in such a way that B(K}, ) = I.
Choose n; € N and w; > 0 so that U(K",ny,2w,) C %; make w; smaller, if

necessary, so that the balls B(z,w;) for € |J', K} are disjoint.

Construction of ¢g; and b,

Let 1 be a bump function of height h; and width w; located at _f(ll and f(ll
Define g1 = f1+ 1. It is clear that ¢; € B(f1, «1). Since p; = ,u(fl,ai’s,aiz, hy)
and B(K}, 1) = I, Proposition 4.3.17 shows that

N(gi,al®) € N(f1,a7*) N B(K},wy) € B(K}, wy) C U B(K
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Let by, > 3 be so large that b;> > ||¢;||. Then N(gy,b%) =1 > ', K.

Since A} = [n;], we have

b ]\N](glv Q%S) C UneA% B(Krlw wl);

o Unear K% C N(gr,0y7).

Construction of 3,
We may find €; > 0 such that
o N(gi,a1”) Uneat B(K}, wy —e1).

By Proposition 4.3.8, there exists 31 > 0 with B(g1, 1) C B(f1, 1) such that

whenever f € B(gy, 31), we have
o N(f,a1") € B(N(g1,a,"),1);
o N(g1,0y%) € B(N(f,b7°),wn).
It follows that whenever f € B(g1, 1), we have
e N(f,a") C UneA} B(K}, wy);
® Uneay K3 € B(N(£,017), w1);
o N(f,ar") N Upepupar BIK), wi) =0,

the last condition being trivial because [n;]\ A}l = (). Therefore (%) has been
established.

4.5.3 mth round for m > 2

Let m > 2 and suppose that Player I has given his mth move B(f,, a,). Since
the rule of the Banach-Mazur game requires that f,, € B(gm-1, Om-1), it follows
from (9 ,,_1) that

hd ]\N](fma a;’Ml) C UneA;.nfl B(Krﬁliawm—l%
¢ Unear K C B(N(fin,0""), wim-1),
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b N(fma a;ml) N Une[nm,l]\Azﬁ_l E(Rzl_17 wmfl) = (Z)

for every j € [m — 1] (remember that a;"_m = a}"’l and b;”_l’?’ = b;”’l).

Construction of h,, and ,,

Take h,, > 0 with h,, < a,,, and set

Ly = m[in] 1 fs @2, a7, ) > 0.
JEIM

Construction of L

Choosing an auxiliary number (,, > 0 so that
d N(fma a;%l) C UneA’.”*l B(£¢T717wm—1 - Cm) fOI‘ ] € [m - 1]7

we shall define finite subsets L™ of I for n € [nm,—, +m — 1].
Firstly, let n € [n,,—1] and take the minimum j € [m — 1] with n € Ag"_l.
When z varies in N(fm, b;ﬁ’l) N B(K™ ! wp_1),

e the open balls B(z, wn,_1) cover K™,

e the open balls B(z, fim) cover N(fm, a;”’l) NB(K™ ™ w1 — ().
The compactness of the sets covered gives us a finite subset f/nm of N (fims b;n’l) N
B(K™ ", w,,_,) such that

o B(LM wy-1) DK"Y

b B(im>ﬂm) ) N(fmv a}ml) QE(R?_17wm—1 o Cm)

n

Secondly, for j € [m — 1]\ {1}, we set
PP = (N(fm, al" ) \Int N(frm, ™)) 0 ) BET ™ wmet = Co),
nGA;”:ll

_,+j—1 as a finite subset of lf’]m such that B(f);”m_lﬂfl, fim) D P

and define L

m

This defines L7 for n € [ny,_1 +m — 2]\ [fim_1]-
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Lastly, we define L . as a finite subset of I\ J!";""™ 2 B(L™, u,n)
such that B(L? . 1,um) S I\NUM T BILT, pin)-
Having defined L;” for n € [n,,—1 + m — 1], we prove the following claim.

Remember that since nq, ..., n,,_; have already been defined, we know A;” for
Jj e m—1].
Claim 4. We have the following:
(1) d(L7, K™ ") < wp_y for n € [npm_1];
(2) N(fm amy) C Unzy ™™ 2 BILY, pim);
(3) Uneam Zf C N(fm,b;l’l) for j € [m —1];
(4) Unzy ™ BILY, ) = T
(5) UneA;"\Am*1 E? - UneA’.”:1 B(EZ%7 2w, 1) for j € [m — 1]\ {1}
(6) N(fmaa )ﬂ Une [m—14+m— 1]\Am Ly = =0 fOI'] € [ 1]'
Proof. (1) Both L™ ¢ B(K™ ', wy,_,) and K™™' € B(L™, w,,_) are clear
from the definition of L™,

(2) Let 2 € N(fn,a™,) and look at the minimum j € [m — 1] with = €
N(fom, agn’l).
If j = 1, then the definition of ¢, tells us that # € B(K™ ' wy_1 — (m)
for some n € A7""! = [n,]; for this n, the number j taken in the definition

of L™ must be 1, so

2 € N(fp,al") N B(K™ w1 — ) C B(L™, fin).

Now, suppose that j € [m — 1]\ {1}. Since z € N(fpn, a;-n’l) we may take
ne A;n_l with z € B(f(gl_lawm—l — (). If n ¢ A7, then the number

Jj—1>

j taken in the definition of f}ﬁ must be the same as our j, and so

= N(fm,agn’l) N B(K™ ™ w1 — Cn) C B(L™, i)
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If n e A7), then z € ]5;" because = ¢ N(fm,a;n_’ll) D Int N(fm,a?”‘_’ll) by

the minimality of j; therefore z € B(L™ ), which implies the

Nm—1+j—1>

required inclusion.

(3) Let x € UneA;n L™ and take n € AT with z € L Ifn e A1 then

taking the minimum ¢ with n € Alm_l, we have
x € L C N(fm,b"") C N(fim, b").

Ifn ¢ A’j“_l, then j >2and n,,_ 1 +1<n <n,_1+j—1, from which it
follows that

ve Ly C P, 0 CN(fmap, 1)

TL—TLm71+1

C N(fim,dl™) C N(fm, bI).

(4) Immediate from the definition of Ly, ., tm-1.

(5) We have
Nm—1+j—1 J
U r= U Lrcysnr
neAT\ AT ! n=nm—1+1 k=2

C Q U BE " wna = Gn)

where the last inclusion follows from (1).

(6) We need to show that N(fn,a”™) N L™ = for n € [ny,_1 +m — 1] \ A7

J

There are three cases: 7 € [ny,_1] \ A” ™ N1+ 7 <n < npi +m—2,

J

and n =n,,—1 +m — 1.

If n € [npy-1] \ A7, then
N(fm, a;”’z) NL™ C N(fm, a;”’l) NB(K™ Y wy,_y) =0
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by (*mfl)-

Ifn,14+7<n<n,.1+m-—2 then

N(fm,al™ )mU"cNU%,m5um

n—"nm-—1+1

C N(furay?s, )\t N (fr )

because of Corollary 4.3.10.

If n =npm_1+m—1, then (2) implies that

(mﬂ%mchu“mmmm
Nm—1+m—2

- U B(E;nfvﬂm) N an —1+m—1

n/=1

I
=

because of the choice of L Cmet |

Construction of K™

We shall construct a sequence K™ € %, N & such that we may partition
K" = K:;” IT K™ for each n € N in such a way that the following conditions are
fulfilled:

(1) d(K™ K™ < W,y for n € [ny,_);

(3) Uneam f(?T C Int N(fm,b;n’Z) for j € [m —1];

(4) Uy BOKY ) = T

(5) UneAm\Am’l fqzn - UneA’.ﬂjl B(f(gl’ 2w 1) for j € [m — 1]\ {1};

(6) (fm, )ﬂUnEnm T 1]\Am m =) for j € [m—1]

(these are the relations of Claim 4 (1), (3), (4), (5), (6) with L™ replaced by
~m . ¥ m71 X m,2 .
K" and with N(f,,0;"") replaced by Int N(f,,07"") in (3)).
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We note that Claim 4 (3) and Corollary 4.3.10 show that |J,c,m L7 C
Int N(fm,bT’Q) for j € [m — 1]. Therefore, by Claim 4, if we choose disjoint

finite subsets QT{L, cee Jm Vg”, ey Q:an,1+m—1 of I so that the dis-

Nm—1+m—17

tances d(Q™, L™) for n € [ny,_1 +m — 1] are sufficiently small, then they satisfy
the following conditions:

(1) d(Q™ K™ 1) < wy_y for n € [nm_1];

(3) Unear Qi € Int N(fn, 07%) for j € [m — 1];

(4) Un ™ B(Q i) = T

(5) Upeagoar s @ € Uneaps BIGE, 20,00) for j € m — 1]\ {1};

(6) N(fm,a"*)N Unentm—tpar Qm =0 for j € [m —1].
Since K™ must belong to %,,, we consider K™ € %,,N% such that the distances
d(K™, Q™ 11 Q™) for n € [ny_y + m — 1] are so small that each point in K™

has the unique closest point in Qnm I Q? If the distances d(K", Qf I Qnm) are

sufficiently small, the sequence K™ satisfies the required conditions.

Construction of n,, and w,,
Choose n,, € N and w,,, > 0 so that

® Ny > Nyp1 +m —1;

o Wy < Wy_1/2;

o U(K™ 1y, 2wy,) C Un;

o N(fom, a}n’2) N Une[nmiﬁm_l]\A;ﬂ B(K™, w,,) =0 for j € [m —1].
Make w,, smaller, if necessary, so that

e the balls B(x,w,,) for z € |JI™, K™ are disjoint.
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Construction of g,, and b,,

Take a bump function ¢, of height h,,, and width w,, located at | J"; hm=l K m
and (J'] —itm=l K™, and set g, = fin + ©m.
Let b,, > max{m + 2,b,,_1} be so large that ™2 > ||¢’ ||.

Claim 5. (1) N(gp,a a; ) ¢ UneAm (K™, w,,) for j € [m].
(2) UneA;n f(;” C N(gm,b?‘z) for j € [m].

(3) N<gm7 ) N Une[nm]\Am B([E;T?wm) = @ fOl”j € [m]

Proof. (1) Remember the definition of p,, and property (4) of K™. If j =m
then AT = A" = [n,,] and

Nm—1+m—1

N(gms agy®) € N(fmsam®) 0 | BUKT, wpn)
Nm—1+m—1

C LJl B(K™ w,,) C nUiB(KZ‘,w

If j € [m — 1], then the choice of w,, implies that

Nm—1+m—1

N(gm, a; )CN(fma )ﬂ U B(Krvam)

n=1
C UBK

neAT
(2) If j = m, then the choice of b, implies that

N (g, U7"%) = N(gm, ) =12 |} K"

J
TLGA;7qb

If j € [m — 1], then property (3) of K™ and Proposition 4.3.16 show that

Nm—1+m—1
U Erc U EI'aN({fm b)) € Ngm, b)),

nGA;-" n=1
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(3) If j = m, then the claim is trivial because [n,,] \ AT = 0. If j € [m — 1],
then (1) and the choice of w,, show that

N(gm:ai)n ) BK] wp)

ne[nm]\Az-"
c | BE  wa)n | B w) = 0. 1
neAT n€fnm]\AT
Construction of 3,

We choose (3, > 0 as in the following claim:

Claim 6. There exists 3, > 0 with B(gm,Om) C B(fm,am) such that if f €
B(gm; Bm), then

° N(f, a;”’4) C UneA;n B(f(;f,wm),
o Unear K0 € B(N(£,577%), wm),
hd N(f? a;ﬁ,‘l) N Une[nm]\A;” E(kz%7wm> = @

for every j € [m].

Proof. By Claim 5, we may find ¢, > 0 such that
o N(gm: @) € Unear BIET Wi = 2m),
° UneA;“ f(;” C N(gm,b;"’Q),
. B(N(gm, a;n’g), Em) N Une[nm}\Agﬂ B(K™ wy,) =0

for every j € [m] (note that there is no &, in the second condition). By Propo-
sition 4.3.8, there exists ,, > 0 with B(gm,Bm) C B(fm,n) such that if
f € B(gm, Om), then

° N( ,CLTA) C B(]\Nf(gm,a;n’g),sm),

o N(gm,b;"*) C B(N(f,0]"%), wpn)
for every j € [m]. It is easy to see that this 3, satisfies the required condition.ll
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4.5.4 Proof that the strategy makes Player II win

Proposition 4.5.1. (1) For every n € N, the sequence (K]"),en converges

in IC. Denote the limit by K,.
(2) We have d(K,,, K™) < 2w,, whenever n € [n,,].

(3) The sequence K = (K, )nen belongs to o7 .
Proof. Remember the following:
e if n € [n,,], then d(K™', K™) < w,, because d(K"t!, K™) < wp,;

o Wi < wp/2 and U(K™, Ny, 2wy) C .

(1) Fix n € N and denote by mg the least positive integer with n € [n;,,].
Then, since d(K™ K™) < w,, for all m > my, we have, for all m and

m’ with mg <m <m/,

m/—1 m/—1 m/—1
dK K) < ) dET KR < Y we < Y 27wy, < 2wy,
k=m k=m k=m

It follows that (K)")men is a Cauchy sequence and therefore converges.

(2) Obvious from the estimate in the proof of (1).

(3) It follows from (2) that

K ¢ ﬁ U(K™, 1y, 2wy,) C ﬁ Uy, C A .
m=1 m=1

Proposition 4.5.2. If f € (\~_, B(gm, Om), then

N(f.a;) c | B(Ky,3wy) and | ) K, C B(N(f.b)),3wn)

m m
neAj nEAj

whenever j < m.
Proof. Suppose that j < m. Then by the choice of 3,, (Claim 6), we have
7 m,4 rom .
b N( 7aj ) - UneA;” B(Kn 7wm)a
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o Upens K2 € BIN(R.0), ).

Taking the union for ~ and ~ gives

N(f,ay c | B(K) wy) and | ) K" C B(N(f,b%), wn).

m m
nEAj nEAj

Therefore Proposition 4.5.1 (2) shows that

N(f,a;) C N(f, c |J B )C | B(K.,3wn),
neAm neAT
U K. c | B 2w,) € B(N(f£.67°), 3wn,)
neAm neAm 1

B(AK]}QJ,3wm).
Proposition 4.5.3. If f € (\-_, B(gm, Om), then (K, f) € &

Proof. Remember that if 2 < 7 < m — 1, then

and so the same inclusion holds when K is replaced by K™:
U Erc | BES2w..).
neAT\ A7 ! neAy !
Therefore Proposition 4.5.1 (2) shows that
U K.c U BE2w.)c |J BE 2w, + 2w, )
neAT\ A7 ! neAT\A7 ! neAy !

c |J B(Kn 4wy + 2wy_y)

neAﬁil
whenever 2 < j < m — 1. Hence if we define é € Y by 6,, = 4w,, + 2w,,_; for
m € N then, using Proposition 4.5.2, we may conclude that
® Uneamam—1 Kn € Upeam-1 B(Ky, 0r) whenever 2< j <m—1,ie K €
J J J—

5%(”,5%
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o N(f,a;) C U,eam B(Ky,6m) whenever j < m;
o Upean Kn C B(N(f, bj),ém) whenever 7 < m.
It follows that (K, f,n,d,a,b) € %, implying that (K, f) € Z . i

Proposition 4.5.4. We have (\.._, B(gm., Bm) C S. Hence the strategy makes

Player II win.
Proof. Immediate from Proposition 4.5.1 (3) and Proposition 4.5.3. |

This completes the proof of the key proposition (Proposition 4.4.21) and

hence the main theorem has been proved.

4.6 QOutline of the proof

This section will explain the outline of the proof of the main theorem. Taking
the complexity of the strategy for the Banach-Mazur game into consideration,
the author believes that this section helps the reader to understand the proof
better, though it is technically not necessary for a mathematically complete

proof.

4.6.1 What we shall ignore here

It is not difficult to see that neither Proposition 4.3.8 nor Lemma 4.3.9 (nor
Proposition 4.3.11, which followed from the two above) holds if @ = b. However,
in the strategy for the Banach-Mazur game, we used them for a and b that are
very close to each other, and assuming that they are true even when a equals b
helps us a lot to understand the outline of the proof. For this reason, we shall
make this assumption in this section, thereby ignoring the difference between
a;”’k and a;.

Note that Proposition 4.3.8 for a = b shows that the map C(I) — K;

f — N(f,a) is continuous, whereas Lemma 4.3.9 shows that N(f,a) is open if

fec(I).
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4.6.2 Why we need the density condition and the disjoint
condition
The first observation is that if we can establish
o Mg ;) C Upen, BIRT, wy) for j € ml:
¢ Unea, K7 C N(gm, b)) for j € [m]
in the mth round, where A; is a finite subset of N not depending on m, then,

assuming ¢g,, — ¢ and f(,’f — K,, as m — oo and looking at the limits of these

relations, we obtain

e N(g,a;) C Unea, K, for j € N;

° UneAj K, C N(g,bj) for j € N.
By taking unions for j € N and for * and ~, we deduce that N(g) C J -, K,, C
N(g),ie. N(g) = U,_, Ky, assuming that | J72, A; = N and that K, = K,UK,.
If K €(\,_, %,, then the strategy makes Player II win.

So let us try to establish

hd N(Qmaaj) - UnEAJ- B(Krrlrl?wm) for j € [m]7

® Unea, K™ C N(gm,b;) for j € [m]

inductively. Suppose that they are true for m — 1. By making f,,_; small

enough, we may assume that f,, satisfies the same relations as g,,_1, i.e.

o N(fm: ;) CUpen, BUE ™ wy ) for j € [m—1];

® Unea, K1 C N(fm,b;) for j € [m — 1]
because of Proposition 4.3.8. In order to establish K € (", %,, we may need
to move K™ ! to get K™ satisfying K™ € %,,; however, since %, is open

dense, we may assume that f(g“l and IN(fL” are close enough to satisfy the same

relations, i.e.
o N(fm, a;) C Unea, B(K!™ wy,_,) for j € [m — 1];

73



Chapter 4 4.6 Outline of the proof

® Unea, K™ C N(fn,b;) for j € [m — 1].

We are going to construct g,, by adding to f,,, a bump function ¢,, located
at some sets [ and H. Since Proposition 4.3.16 shows that H N N(f,b;) C

N(gm, bj), we can obtain the second condition that we wish to establish, provided

that |J
is not too difficult to deal with). Proposition 4.3.17 helps us to obtain the first

neA, K™ c H for j € [m — 1] (here we neglect the case j = m, which

condition, but there are two obstacles to overcome. Firstly, in order for the
proposition to be applicable, the location H of the bump function ©m Must

satisfy the density condition

where p,,, depends on the function f,,,, the numbers a;, and the height of ¢,, only.
Secondly, in order to obtain the desired relation N (g, a;) C U, 4, B (K™, wy,)
after getting the relation N(g,,, a;) C N(fm,a;)NB(H,w,,) that the proposition

implies (w,, is the width of ¢,,), the disjoint condition

o N(fm, (Zj) N UnEAm_l\Aj B(KZLH, wm) = @

must hold because, for the aforementioned reason, the location H must be large

enough to contain J,¢ 4, K™ for all j € [m — 1].

4.6.3 Why we need A" rather than A;

It turns out that the second obstacle in itself does not worry us very much. Let

us strengthen what we prove by induction, and try to prove
° N(gm,aj) C UneAj B(f(:l”,wm) for j € [m];
® Unea, K™ C N(gm, b;) for j € [m];
o N(gm,a;) N Uneana, B(K™, w,,) = 0 for j € [m]

(we changed B into B in the disjoint condition; though not essential, it makes our

life slightly easier). Assuming that they are true for m—1, we may prove the first
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K.

and the second conditions for m as described above, if we set H = Unea, , K

The disjoint condition follows from the first condition if we make w,, so small

that the balls B(x, w,,) for z € | K™ are disjoint, because we always choose

neEAm
finite sets as K™.

However, when we try to overcome the first obstacle as well, we face a great
trouble. Since |J,. Ay f(;" may not be large enough to satisfy the density
condition B(U,ca, K™, i) = I, we have to add points to make H. Denote
by M the set of added points: H = |

the density condition B (ﬁ] s lm) = 1, the set M must satisfy

K™ U M. In order for H to satisfy

TLEA,n, 1

B(M,pim) DI\ | B ).

nEAm_1
On the other hand, for the same reason as the necessity of the disjoint condition,
the set M must satisfy N(fn,a;) N B(M,w,,) = 0 for j € [m —1]. Since w,, will
be defined later and N (fm,a;) increases as j does, the condition that we should
impose on M is

N(fm, am_l) N M = Q)

Can we choose M satisfying these two conditions? Unfortunately, the an-
swer is negative for the following reason. Since pu,, depends on f,,, which
was chosen after w,,_; was defined, it may be that u,, is much smaller than
Wy—1. Keeping in mind that N(fn,am_1) C Unea,._, B(K!™ wy,_,) is the
only relation that we currently know, we must be prepared for the case where
Unea,., B(K™, i) fails to cover N(fm,am_1). It means that if we set S =
N(fon, Gm-1) \ Unea,., B(K™, i), then S may be large; S might contain an
open interval of length 2/i,,, in which case there is no M for which both SNM =
and B(M, p,,) D S are true. It follows that we may not be able to choose M
with the desired properties.

In order to sort this problem out, we try to find the sets K - that approximate

N(fm, a;) better. That is to say, using the relations
o N(fm, a;) C Unea, B(K™ ™ w,,_y) for j € [m —1];
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® Unea, K1 C N(fm, ;) for j € [m — 1]
that we currently know, we try to find f(,T such that
o N(fims ;) CUpen, B, i) for j € [m —1];
o Unea, K C N(fin, b)) for j € [m —1].
It might seem to be a good idea to define f(,T = N(fm,aj) N B(f(;f_l,wm_l)

if n € A; (the right-hand side is not closed, but this can be remedied easily)

because it implies that

fm>a] fm7aj ﬂB(K wm 1 = U ~7T>
neA;

W C N(fmyaj) C N(fs b))

1C >c

(although we might seem to have established much better approximation be-
cause no [, appears here, we are now ignoring the requirement that K™
should belong to %, and it forces us to change f(}f‘ slightly, which yields
tm). What we missed here is the fact that each n might belong to more
than one A;; we must decide which j we should use to define K™. For ex-
ample, suppose that an integer n belongs to both A; and A;. On the one
hand, if we define K = N(fn,a1) N B(K™ ', w,,_1), then K™ can be too
small for (¢ 4,
K™ = N(fm,a2) N B(K™ ' w,,_1), then K™ can be too large for | J

n

be contained in N(f,, b ).

B(f(g?, fim) to cover N(fy,,as); on the other hand, if we define
weA K’;’} to
What we do to solve this problem is to define K™ as above with the minimum

J with n € A;, and introduce K’;” for n larger than max A,, ; that will be in
charge of those bad points that belong to N(fy,a;) \ N(fm,a;_1) but whose
m—1 m—1 m—1
K™ belongs to |J K™ not UneAj\A K
B(K]", fim)

n

nearest point in [_J

nEA nEAj,1

According to this construction, the exact relation N ( f;, a;j) C Upe 4
cannot be established, but if we add the large numbers n to A; on the right-hand
side, then the inclusion becomes true; we must use A7 rather than A; to show

the dependence on m as well as j.
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4.6.4 What we should be careful about when using A7

In the way described above, we can establish the following:
® N(gm:a;) € Upean BIET wy) for j € [m];
° UneA;n K™ C N(gm, bj) for j € [m];
o N(gm,a;) N UneAm\Agﬂ B(K™, wy,) = 0 for j € [m).
Taking unions for ~ and ~ in the first two relations gives

® N(gma;) C Upeam BK], wp,) for j € [m;

* UneA;" K" C N(gm,b;) for j € [m].

We attempt to use these relations to prove that (J~, K,, = N(g), where
g = lim,, o gm, whose existence we may assume without loss of generality. It is

natural to assume that (J72, U, _;

A7 =N and that w,, — 0 as m — oo, if we
consider their roles in the strategy. Note that AT" increases as m does because
of the construction.

The inclusion | J;~, K, C N(g) can be proved easily in the following manner.
Let z € |J -, K, and take n € N with z € K,. Since K]' — K, as m —
oo, we can find points z,, € K]' that converge to x as m — oo. By the
assumption |J7Z, U, _; A7 = N, we may take j € N with n € J,_; A7". Then,
for sufficiently large m, we have n € AT" and so

tm €K' C ) K C N(gm,b).

! m
n EA]-

Since N(gm,b;) — N(g,b;) as m — oo, it follows that

r = lim z,, € N(g,b;) C N(g).

m—0o0

However, the opposite inclusion N(g) C |J 2, K, is not so easy to prove. Let
z € N(g) = U2, N(g,a;) and take j € N with x € N(g, a;). Since N (g, a;) —
N(g,a;) as m — oo, we can find points x,, € N(gm,a;) that converge to x as

m — oo. For each m > j, because z,, € N(gm,a;) C |J,cam B(K]', wy,), there
J
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exists n,, € A7 with z,,, € B(K]! ,wy,); take y,, € KJ' with |2, — y| < wp.
Since x,, — x and w,, — 0, we have y,, — x. If there exists n € N such
that n,, = n for infinitely many m, then x € K,, because y,, € K" for m with
n,, = n, and we are done. However, if such n does not exist, i.e. if n,, — oo as
m — 00, then it may be that no K, contains x.

Fortunately, we can solve this problem by looking at the properties of the sets
K" more closely without changing their construction. Suppose that n,, — oo as
m — 00. Since n,, € A} for all m, we can, for sufficiently large m, consider n,,
to be added indices introduced to take care of bad points. Therefore y,, € K"
must be close to some point in (J, Am K™ 1 from which we may infer that z

does belong to some K,,; see Proposition 4.4.10 for details.
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